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Abstract

We study the global dynamics of a sticky price model under a non-linear interest-rate
rule and adaptive learning. We find that, when private agents i) do not observe
persistent exogenous shocks, and ii) adopt an autoregressive (AR) forecast rule, a
self-fulfilling deflationary path to a liquidity trap equilibrium can be triggered by
even small shocks. The key mechanism driving this result is that AR learning rule
and persistent shocks lead private agents to integrate short-run fluctuations into the
forecast, making the short-run expectations deanchored from the long-run steady state.
We provide empirical evidence of deanchoring short-run inflation expectations in the
US, Japan and the Euro zone during the periods when those economies transit into
the liquidity trap.
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1 Introduction

Krugman (1998) famously argues that the liquidity trap was back in Japan, and it might

happen to other economies too. Ten years after the Global Financial Crisis, this prediction

seems to be confirmed by data. As shown in Figure (1), interest rates of major economies

across the world have either already reached or approaching their effective lower bounds

(ELD). At the same time, inflation and the GDP growth are subdue despite unprecedented

monetary easing conducted by central banks.

Figure 1: Liquidity Trap in Data vs. Theory

0 1 2 3 4

0
2

4
6

US

Core inflation

in
te

re
st

 r
at

e

1990−2000

2000−2008

2009 − 2018

0.0 0.5 1.0 1.5 2.0 2.5

0
2

4
6

Euro Zone

Core inflation

in
te

re
st

 r
at

e

2001−2008

2009−2013

2014−2018

−1 0 1 2 3

0
2

4
6

Japan

Core inflation

in
te

re
st

 r
at

e

1985−1991

1992−2000

2002−2018

NOTEs: The first three figures are scatter plots of nominal interest rates and the core CPI inflation
of the US, Euro area and Japan. Data sources: FRED database, St. Louis Fed. Japanese data
from 2014 to 2015 are excluded due to consumption tax changes.

In theory, macroeconomists describe the liquidity trap as an unintended ”steady state” of

the economy. Seminal work by Benhabib, Schmitt-Grohe, and Uribe (2001) shows that, when

considering the global dynamics and nonlinear Taylor rules, the economy could get into a

self-fulfilling deflationary dynamic path leading to a liquidity trap. Eusepi (2007) extended

the analysis under adaptive learning and show that, depending on the type of monetary
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policy rules, an economy can fall into a liquidity trap either by developing a volatile cyclical

ossilations between different steady states or hit by a unusually large shock. The data shown

in Figure (1), however, seem to suggest that transition paths to a liquidity trap of major

economies may not take place in a turbulent nominal environment, or triggered by large

shocks to the economy.1

This paper extends the stability analysis to the restricted perceptions equilibrium (PRE)

and explores the implication of unobserved persistent shocks. In lines with the learning

literature, our results highlight the crucial role played by private-sector expectations in

propagating shocks to the economy. In particular, we find that, by extending the learning

rule of private agents to a more general form, sticky-price models with learning can generate

a “smooth” transition into a liquidity trap under small persitent shocks.

The learning literature on liquidity trap so far has been typically focusing on one of two

following cases: Exogenous shocks are 1) observed by private agents or 2) independent and

identically distributed (i.i.d.). We argue that relaxing those rather restrictive assumptions

makes the model more easily generate a deflationary dynamic path to a liquidity trap.

To highlight the central mechanism, we first adopt a simple flexible-price model along the

lines with Evans and Honkapohja (2005). We show that a smooth deflationary dynamic

path occurs under smaller shocks compared to the two aforementioned standard cases,

when private agents donot observe the shock and the shock process is persistent. The key

mechanism is as follows: when shocks are persistent, agents form their forecasting rule with

an auto-regressive term of the forecasting variable. As a result, a deflationary shock can

be filled into pessimestic expectations and gives rise to a selffulfilling deflationary dynamics.

On the other hand, when the shock is i.i.d., agents’ learning rule is only dependent on

the long-run average of the forecasting variable, and hence well-anchored expectations are

sheltered from the influcence of temporary shocks.

Next, we use a calibrated sticky-price model to test the robustness of our main finding

from the flexible-price model. We show that the sticky-price model driving by persistent

productivity shocks is able to generate realistic dynamic path of inflation and the interest

rate, as observed in the data. We also study the Taylor rule with smoothing in this learning

mechanism and find that adjusting nominal interest rate slowly doesn’t really help the

economy to be stabilized at the targeted steady state. The key mechanism driving these

results is the deanchoring short-run inflation expectations from the long-run steady state.

To check the empirical relevance of this mechanism, we use inflation expectations data from

the Consensus Forecasts for the US, Japan and the Euro zone. We show that, indeed, all

three economies have experienced deanchoring short-run inflation expectations in different

1Piazza (2016) argues that ”reasonably looking” deflationary path should be monotonic.
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times over the last two decades. In particular, in the US and the Euro zone, deanchoring

happened in the early 2000. For Japan, the signal of deanchoring is showed up around 2005.

In addition, Europe had a second prolonged periods of deanchoring shown after 2010 when

Europe was fighting the European debt crisis.

This paper is related to two strands of the literature on the liquidity trap. Firstly, our

work broadly relates to the relatively large literature on the zero-lower-bound of monetary

policy. Krugman (1998) and Eggertsson and Woodford (2003) are among the early theoretical

work on the liquidity trap using modern intertemporal equilibrium models. Their dynamic

models shed light on the fundamental role of expectations and credibility of monetary policy

both in forming a liquidity trap and using policy to remedy it. Krugman, for example,

argues that central banks need to be credibly irresponsible to achieve higher future price

level. Eggertsson and Woodford, likewise, put a strong emphasis on how the central bank

should manage private-sector expectations as the key to the successful policy remedy in a

liquidity trap. There is a more recent development of the literature that highlights the

real forces behind the seemingly permanent shifts in the nature rate, which places the

economy into a liquidity trap. Eggertsson and Mehrotra (2014), for example, contribute

the slow population growth and income inequality to falling natural rates in a model of

secular stagnation. Guerrieri and Lorenzoni (2017) and Eggertsson and Krugman (2012)

emphasize the important role of a permanent shifting in borrowing constraint. Our paper

abstract from those real driving forces, instead we focuses on the propagation mechanism in

the nominal side of the economy through expectations and learning. We complement to the

real force literature and show that gives a series of persistent real negative shock in demand

or supply, sticky price model with learning is also capable to account for at least a significant

portion (need to be shown in the numerical simulation) of economic dynamics down to the

zero-lower bound.

Secondly, our work is most closely related to the learning literature on the liquidity trap

that stresses the role of self-fulfilling expectations. Evans and Honkapohja (2005) show

with a flexible price model that the economy escapes from a targeted steady state under

learning with a large constant gain and large nominal shocks. Evans el. al. (2007) analyze

large pessimistic shocks to expectation in a New Keynesian model. They assess a range

of monetary-fiscal policies in terms of their ability to prevent the economy from falling to

a liquidity trap. Eusepi (2007) finds that E-stable solutions include oscillations between

different steady states in the form of cycles or sunspot equilibrium. He abstracts from the

role of exogenous shocks and focuses on the learnability of cycles and sunspot equilibrium

in addition to high and low steady state in a class of deterministic models. He shows that a

backward-looking Taylor rule renders the undesired equilibria unstable under learning. Like
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us, Piazza (2016) also argue that realistic deflationary path should be monotonic and he

presents the theoretical conditions for a range of monetary and fiscal policy rules to produce

smooth self-fulfilling deflationary paths. He uses a quantified model with real shocks and a

sunspot to match the main Japanese deflationary process during the “lost decade”. Gibbs

(2018) extends the secular stagnation model in Eggertsson and Mehrotra (2014) with learning

and studies the stability properties of the steady states. He concludes that the targeted

steady state and the secular stagnation steady state are E-stable, whereas the liquidity trap

steady state discussed in Benhabib, Schmitt-Grohe, and Uribe (2001) is not. As we discussed

above, our paper extends the analysis using learning models in two important dimensions.

We highlight the important role of i) the persistence, rather than the size of economic shocks,

and ii) a more general form of learning rule. We show that combinning both features is crucial

for sticky-price models to generate realistic deflationary dynamics as in the data.

The rest of the paper continues as follows. Section 2 presents a flexible-price model.

Section 3 explores the key mechanism at work. In Section 4, we extend the analysis into a

sticky-price model. Section 5 examines the empirical relevance of our theoretical finding and

discusses implications for monetary policy. Finally, Section 6 concludes.

2 Flexible price model

In this section, we use a simple flexible-price benchmark model similar to the one in

Evans and Honkapohja (2005). We assume the real economy is at the steady state with a

fixed endowment y. The representative household maximizes the utility function:

maxEt

∞∑
s=t

βs−t
c1−σ
s

1− σ
,

where cs is consumption in period s. The household’s flow budget constraint is

cs +
Bs

Ps
= y +Rs−1

Bs−1

Ps
+ τs, (1)

Here Bs is the end of period s nominal stock of government bonds; Rs is the gross nominal

interest rate on bonds, set at period s − 1 but paid in the beginning of period s. The

household receives a constant endowment y of consumption goods and government transfer

τs at each period.

The household chooses cs and Bs to maximize the utility function, subject to the flow
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budget constraint (1) and the lower bound of the nominal interest rate RLB,

Rs ≥ RLB. (2)

The first-order conditions of the household utility maximization problem are given by

Rt = β−1Et

[
Πt+1(

ct+1

ct
)σ
]

0 = µt(Rt −RLB),

where Πt+1 = Pt+1/Pt is the gross rate of inflation. The last equation is the complementary

slackness condition, associated with the inequality constraint (2), where µt is the lagrange

multiplier. The global dynamics of the model are determined by equations in two possible

settings, depending on whether the complementary slackness condition is binding or not.

Case 1: when the lower bound is not binding, we have Rs > RLB and µt = 0. The global

dynamics are determined by

Rt = β−1Et

[
Πt+1

(
ct+1

ct

)σ]
(3)

Case 2: when the lower bound is binding, we have Rt = RLB and µt > 0. The global

dynamics are determined by

RLB = β−1Et

[
Πt+1

(
ct+1

ct

)σ]
(4)

In addition, the equilibrium must satisfy the transversality conditions

limt→∞β
tBt+1/Pt+1 = 0.

To close the model, we introduce a non-linear Taylor rule for monetary policy as follows,

Rt = θtf(Πt) + 1

Here the function f(Π) is assumed to be non-negative and nondecreasing, while θ is an

exogenous random shock with mean 1 representing random shifts in the behavior of the

monetary policy-maker. θ follows

(θt − 1) = ρ(θt−1 − 1) + εt
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where ρ ∈ (−1, 1) and εt ∼ N(0, σε).

Last, we impose the following functional form for the interest rate rule,

f(Π) = (RH − 1)

(
Π

ΠH

)ARH/(RH−1)

(5)

where A > 1, and RH , ΠH are the interest rate and inflation at the targeted steady state by

the central bank.

2.1 Steady states and determinacy

The non-stochastic version of the following equations can describe steady states of the

model

Rt = max(β−1Πe
t+1, RLB) (6)

Rt = θt(RH − 1)

(
Πt

ΠH

)ARH/(RH−1)

+ 1 (7)

As illustrated in Figure (2), under a reasonable range of parameter values, the model

could have three steady states.2 On the top, two curves cross at a high-inflation and

high-interest-rate steady state. Following Benhabib, Schmitt-Grohe, and Uribe (2001),

we call it the intended steady state or targeted steady state by the central bank (H). In

addition to H steady state, the model possesses another two steady states - a low-inflation

and low-interest-rate steady state (L) and a lower-bound steady state (LB), where the interest

rate is binding at its lower bound.

2In some special cases, the model could have only two - H and LB - steady states. As shown in our
E-Stability analysis below, the L steady state is not stable and therefore it is not the focus of our analysis
in this paper.
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Figure 2: Three Steady States

NOTEs: This figure is an illustration of the three steady states arising from the flexible price model.

To study the local dynamic behavior of the steady states, we linearize dynamic equations

around the steady states as follows. The system Equation (6) and (7) imply the law of

motion for inflation

Πt = f−1(θ−1
t (max(β−1Πe

t+1, RLB)− 1))

Linearizing this equation around three steady state yields,

Πt = αiΠ
e
t+1 + δiθt + ki,

where the coefficients αi, δi, ki are specific to particular steady state i ∈ {H,L, LB}. We

summarize the analytical solutions of coefficients regarding the H and LB steady states in

the Table (1).3

3The derivation of the coefficients is documented in Appendix (6)
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Table 1: Linearization Around Steady State

Steady State

Coefficients High LowerBound

Π ΠH ΠLB

R RH RLB

αi
1
A

0

δi − (RH−1)ΠH
ARH

− (RH−1)ΠLB
ARH

ki
(ARH−1)ΠH

ARH

((A+1)RH−1)ΠLB
ARH

Determinacy of each steady state can be assessed from the linearized equations around

each one. A necessary condition for determinacy is that αi lie inside the unit circle. With

the standard Taylor principle, A > 1, it follows that both the high steady state and the

lower-bound steady states are determinate. There is then a unique non-explosive rational

expectations (RE) solution of the form:

Πt = a+ bθt (8)

The corresponding solution for Rt follows the fisher equation Eq. (6). We further comment

that although the low steady state is not determinate, it is not stable under learning which

we will show later.

3 Learning and expectational stability

We now formally introduce adaptive learning to the model by assuming private agents

make forecasts using a reduced form econometric model. Depending on the information

set when forming expectations, agents choose relevant variables as the regressors whose

parameters are estimated using past data. The economy attains a temporary equilibrium

in each period, given the forecasts of the agents. The temporary equilibrium provides a

new data point which will lead to re-estimation of the model in the next period. It has

been established that E-stability governs stability under adaptive learning (See: Evans and

Honkapohja, 2001, Chapter 12). E-stability is based on a mapping from the perceived

law of motion (PLM) to the implied actual law of motion generating the data under these

perceptions. In this section, we analyze the global dynamics of the model by focusing first on
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the dynamic behavior in the neighborhoods of steady states of the model. We then discuss

the global dynamics by simulations. We use standard timing assumption in the learning

literature. Given a learning rule, agents estimate the parameters using data on the variables

through time t − 1 at the end of period t − 1. At the start of time t agents form forecast

using these estimates and data at time t.

We consider three competing different expectation formation assumptions:

1. Observable shocks with rational expectations (RE) learning rule;

2. Unobservable shocks with steady state (SS) learning rule;

3. Unobservable shocks with autoregressive (AR) learning rule.

The following three subsections (3.1) - (3.3) study these three expectation formations in

detail. We obtain the following general local stability results: under these three different

information assumptions and learning rules, the high and lower-bound steady states are

locally expectationally stable whereas the low steady state is not. Although the local stability

results are identical across the three cases, section (3.4) shows that the economy is much

more likely to escape from the high steady state with unobservable shocks and AR learning

rule.

3.1 Observing θ with RE rule

When exogenous monetary shocks θ are observed by private agents and follow a stationary

AR(1) process, the appropriate forecast rule based on Eq. (8) is for agents to estimate the

linear projections of Πt onto an intercept and the exogenous shock θt−1. Here we make the

standard timing assumption in the learning literature - at the end of period t − 1, agents

estimate the parameters using data on all variables through time t− 1. A recursive version

of least squares is used to estimate

Πs = a1 + b1θs−1 + η1,s, (9)

for s = 1 . . . t− 1 where a1 and b1 are the coefficients to be estimated by private agents. η1,t

is the perceived disturbance, treated as white noise by agents in the economy. At the end of

time t− 1, estimation of the model yields estimates a1,t−1, b1,t−1. Then at the start of time

t, agents form forecasts using these estimates and exogenous data θt

Πe
t+1 = a1,t−1 + b1,t−1θt
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Denote ψ1,t = (a1,t b1,t)
′, and z1,t = (1 θt)

′ the recursive least square formula is

ψ1,t = ψ1,t−1 + φtQ
−1
1,t z1,t−1(Πt − ψ′t−1zt−1) (10)

Qt = Qt−1 + φt(zt−1z
′
t−1 −Qt−1) (11)

where φt is known as the gain parameter. Under least square learning φt = t−1. Since we

consider a global dynamic, “constant gain learning” where φt = φ ∈ (0, 1) is more robust to

switching between the steady states. In Appendix (A2), we show that the t-mapping from

the perceived law of motion (PLM) in Eq.(9) to the implied actual law of motion (ALM) is

T

(
a1

b1

)
=

(
(αia1 + ki) + (1− ρ)(αib1 + δi)

ρ(αib1 + δi)

)

We compute the rational expectations equilibrium (ā1,i, b̄1,i) as follows,

ā1,i =
(ki + δi)− ρ(αiki + δi)

(1− αi)(1− ραi)
(12)

b̄1,i =
ρδi

1− ραi
(13)

where i ∈ {H,L, LB} for three steady states that we identify above. The matrix that defines

the E-stability is the Jacobian matrix for the T-map whose eigenvalues are αi, αiρ. Note that

ρ ∈ (−1, 1), and E-stability principle implies Theorem 1

Theorem 1 Given ρ ∈ [0, 1), an REE(ā1,i, b̄1,i) is locally stable under learning if and only

if αi < 1. Given ρ ∈ (−1, 0), an REE(ā1,i, b̄1,i) is locally stable under learning if and only if

ρ−1 < αi < 1.

Based on the analytical and numerical results presented in Table 1 and 3, it follows

immediately that REE(ā1,i, b̄1,i) is locally stable under AR learning for i ∈ {H,LB} and is

not locally stable under AR learning for i ∈ {L}.

3.2 Not observing θ with SS rule

Now we assume private agents do not observe the monetary shocks θ. Agents can no

longer use a learning rule that nests the RE specification in Eq. (8). In this case, it is

possible that the economy converge to a restricted perception equilibrium (RPE) which is

generated by expectations which are optimal within a limited class of PLMs. In the SS
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rule case, we consider a class of PLMs defined by a learning rule that simply estimates the

mean value of Πt. In the learning literature, this is often called “steady-state learning”. A

recursive version of least squares is used to estimate

Πt = a2 + η2,t (14)

for s = 1 . . . t− 1 where a2 is the intercept to be estimated by agents and η2,t is perceived to

be white noise. At the end of time t − 1. the estimate for a2 is a2,t−1. At the beginning of

time t, agents forecast Πe
t+1 to simply be a2,t−1. The learning process can be formulated as

follows

a2,t = a2,t−1 + φt(Πt − a2,t−1) (15)

Again, we use constant gain learning and φt = φ ∈ (0, 1). Appendix. (A.3) shows that the

implied T-map

T (a2) = αia2 + δi + ki (16)

The RPEs at each steady state are simply ā2,i = Πi for i ∈ {H,L, LB}. The T-maps implies

that the steady state is stable under SS learning if the associated αi < 1. According to table

(3), the high and lower-bound steady states are locally stable under SS learning whereas the

low steady state is not.

3.3 Not observing θ with AR rule

Similar to the previous case, agents do not directly observe θ. However, they are more

sophisticated in the sense that they recognize the auto-regressive pattern in the inflation

data driven by the monetary shocks. Agents are assumed to use an auto-regressive (AR)

learning rule. Formally, agents adopt a PLM as follows,

Πt = a3 + b3Πt−1 + η3,t, (17)

where a3 and b3 are the parameters to be estimated. η3,t is the perceived white noise

disturbance. To develop some intuitions for the results later, it is easy to show that the PLM

(17) implies that perceived inflation is a sum of long-run average inflation and a geometric
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sum of short-run perceived disturbances, as

Πt = a3 + b3Πt−1 + η̃t

(1− b3L)Πt = a3 + η̃t

Πt =
a3

1− b3

+
η̃t

1− b3L

=
a3

1− b3

+ η̃t + b3η̃t−1 + b2
3η̃t−2 + ...

Because the perceived disturbance has mean zero, the long-run average inflation is equal to
a3

1−b3 , and coefficient b3 captures the speed at which the impact of past disturbances decay over

time. When b3 is equal to zero, perceived disturbances do not affect inflation expectations,

instead only the perceived long-run average matters. On the other hand, when b3 is large,

perceived disturbances have a large and long-lasting impact on inflation. The advantage

of this formation is to allow the extent to which inflation expectation is anchored to the

long-term average to be determined endogenously by the model. A recursive version of least

squares is used to estimate

Πs = a3 + b3Πs−1 + η3,s, (18)

for s = 1 . . . t− 1. At the end of time t− 1, the model generates estimates a3,t−1 and b3,t−1.

At the start of time t, agents form forecasts for inflation at time t+ 1 based on the estimates

and inflation data obtained at the end of period t− 1

Πe
t+1 = a3,t−1 + b3,t−1(a3,t−1 + b3,t−1Πt−1)

In Appendix (6), we solve the PR-REE around steady states and show that the T-map is

T

(
a3

b3

)
=

(
(ki+a3(1+b3)αi+δi)(1−ρ)

1+b23αiρ
b23αi+ρ

1+b23αiρ

)

We show that the components of the fixed point of the T-map ā3 is negatively and b̄3 is

positively correlated with the persistence of aggregate shocks. As seen in Fig (3b), the

correspondence between b̄3 and the persistence of the monetary shock (ρ) around two stable

steady states.
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Figure 3: RPE solutions

(a) ā(ρ) (b) b̄(ρ)

NOTEs: The figure is drawn under following parameter values: ΠH = 1.02, RH = 1.025, β =
ΠH/RH , A = 1.2, ΠLB = 0.99, RLB = f(ΠLB) + 1

At both H and LB steady state, b̄3,i increases with ρ. The intuition is that persistence in

the exogenous shocks transmit to the inflation rate. AR learning rule is able to pick up the

persistence as well. In particular, when the monetary shock is i.i.d (ρ = 0), b̄3,i is equal to zero

too for both high and lower-bound steady state. In this case, the forecast rule of agents boils

down to Πt = ā3,i. As a result, inflation exception is anchored at its long-run average value

and there is no pass-through from the short-run monetary shocks. When the monetary shock

becomes more persistent, agents put more weights on recent inflation realizations relative to

the long-run average. This implies that a negative shock to inflation can negatively influence

on inflation expectations and generates self-fulfilling deflationary dynamics. This is the key

feature of our model to generate the deflationary path to a liquidity trap. We show this in

the next section, using simulations.

To study the local-stability of the model under AR learning rule, we compute the two

eigenvalues associated with the Jacobian matrix evaluated at the each of fixed point. The

E-stability principles requires both eigenvalues to be less than 1 for the REE to be stable

under learning. The following numeric results show that the high steady state is also stable

under learning given ρ ∈ (0, 1).

3.4 Global dynamics: sensitivity to shocks

This section uses simulations to demonstrate that the economy is less stable around the

H steady state when the monetary shock is persistent, and there is a smooth transition path

along with the Taylor rule from the high-inflation to the lower-bound steady state. In Fig.(4),

we simulate the model economy, starting from the H steady state. The left panel shows that
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under i.i.d. shocks, the model is fluctuating in the proximity of the H steady state. In the

right panel, we simulate the same model with the same standard deviation shocks but change

the shock persistence from zero to 0.5. The economy also fluctuates around the H steady

state most of the time, but the volatility is considerably larger than the model with i.i.d.

shock. More importantly, under certain scenarios of shock realizations, the model falls into

the liquidity trap equilibrium.

Figure 4: Global simulations of the flexible-price model

(a) ρ = 0 (b) ρ = 0.5

In addition, it is also interesting to observe that the inflation and interest rate dynamics

slide down to the LB steady state along the Taylor rule curve. This type of the dynamics is

more comparable to what we observe in the real data, shown in Figure (1), than the cyclical

ossilations between the H and LB steady states, described in Eusepi (2007). The intuition

of this result comes from the fact that, under learning, the slope of the short-run Fisher

equation is affected by the learning coefficient b. We show this intuition by substituting the

learning rule (17) into a linearized Fisher equation in this model,

it = Et (Πt+1)

it = at + btΠt

The slope of it − Πt curve is determined by the learning coefficient bt, which responds to

shocks in the short run. As a result, even though the long-run Fisher equation is fixed at the

45 degree line, the position of the short-run Fisher equation will be purtubed by temporary

shocks through the learning mechanism. As a result, the short-run equilibria take place

around the Taylor rule.

Next, we simulate two models with different levels of shock persistence for ten thousand

periods and repeat this exercise for 100 times. Again, we always start the economy from the H
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steady state and record the proportion of times, at which the economy falls into the liquidity

trap equilibrium. We do this exercise for different levels of shock volatility. This numerical

exercise is purposed to show that the stability of the H steady state is susceptible to the form

of learning rules and the persistence of the shocks in addition to the volatility of the shock.

To illustrate this finding, we show two sets of the results that come from comparisons across

different learning rules under the same shock structures and across different persistence under

the same learning rule (AR rule).

Figure (5a) shows that, both when the shock is observable (dash line labelled as ”OBS”)

and agents use the SS learning rule (dotted line labelled as ”SS”), the model never goes to

the LB steady state over the whole range of standard deviations of the shock process. By

contract, when agents use the AR learning rule (solid line labelled as ”AR”), the probablity of

falling into a liquidity trap starts increasing from some modest level of volatility of the shock.

In Figure (5b), we fix the learning rule to be the AR rule, and variate the persistent parameter

of the shock process. When the persistence of the monetary shock is low (dash lines), the

economy remains stable at the H steady state in the full range of standard deviations of the

shock. By contrast, when the persistence of the shock is 0.5, the probability of falling into

a liquidity trap increases sharply at even very small shocks.

Figure 5: Global stability in the flexible-price model

(a) ρ = 0.5 (b) AR rule

These results confirm some studies in the learning literature that under i.i.d. or observable

shocks, the H steady state is relatively stable. However, as soon as the monetary shock

becomes mildly persistent, the stability range shrinks quickly under learning. The key

mechanism behind this result is the linkage between the learning coefficient b and the

persistence of the monetary shock.

In essence, the results presented in the previous section imply that adaptive learning

provides an amplification mechanism of the persistence of aggregate shocks, which weakens
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the local stability around the high-in ation steady state targeted by the central bank.

This happens depite the fact that the Taylor principle has always been followed in the

neighbourhood of the targeted steady state. Adaptive learning provides a strong self-fulfilling

expectation channel, through which the economy could stray from the intended steady state

into a liquidity trap. In next section, we check the robustness of this finding in a sticky-price

model.

4 Sticky price model

In this section, we extend our analysis to a sticky-price model, which is similar to

the model used in Evans, Guse, and Honkapohja (2007). Different from the flexible-price

endowment economy, we introduce the production technology for output and sticky prices in

the spirit of Rotemberg (1982). The households maximize lifetime discounted utility, subject

to a flow budget constraint. The utility function of agent j is in the form:

maxEt

∞∑
s=t

βs−t

[
ςt
c1−σ
s,j

1− σ
−
h1+φ
s,j

1 + φ
− γ

2

(
Ps,j
Ps−1,j

− 1

)2
]
,

The household chooses cs,j, Bs,j and hs,j to maximize the utility function, subject to a flow

budget constraint and the lower bound of the nominal interest rate RLB,

cs,j +
Bs,j

Ps
+ τs,j = Rs−1

Bs−1,j

Ps
+
Ps,j
Ps

ys,j,

Rs ≥ RLB,

where σ, φ, γ > 0. cs,j is the Dixit-Stiglitz consumption aggregator, ςt is a preference

shock to the utility on consumption, which follows an autoregressive process, i.e. log ςt =

ρd log ςt−1 + εd,t. hs,j is the labor input into production, Ps,j is the price of consumption

good j, which can be only adjusted by paying adjustment costs γ in terms of utility. Bs,j

is the end of period s nominal stock of government bonds held by j. The household pays a

lump-sum tax τs,j to the government. ys,j is the output of good j, which is produced by the

following technology,

ys,j = zsh
α
s,j,

where 0 < α < 1. zs is an exogenous labor productivity shocks with mean 1, following

log zs = ρz log zs−1 + εs,
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where ρz ∈ (−1, 1) and εs ∼ N(0, σε).

Intermediate good ys,j is sold under monopolistic competition. As a result, each firm sets

the price subject to a downward sloping demand function given by

Ps,j =

(
ys,j
ys

)−1/ν

Ps.

Here Ps,j is the price of the intermediate good. ys is the final output. ν > 1 is the elasticity

of substitution between different intermediate goods.

To close the model, monetary policy is specified as a nonlinear Taylor rule with smoothing.

Rs = (Rs−1 − 1)ωf(Πs)
1−ω + 1 (19)

Here the function f(Π) is assumed to be non-negative and nondecreasing as in the flexible

model, ω ∈ (0, 1) is the interest rate smoothing parameter, which is motivated by the desire

of central banks to smooth out the interest rate adjustment. The parametric form of f(Πs)

is the same as in (5)

4.1 Key equations and calibration

As shown in Evans, Guse and Honkapohja (2007), the household first-order conditions

yields following key equations

Rt = max

{
β−1Et

[
Πt+1

ςt
ςt+1

(
ct+1

ct

)σ]
, RLB

}
(20)

Rt = (Rt−1 − 1)ωf(Πt)
1−ω + 1 (21)

(Πt − 1)Πt = βEt[(Πt+1 − 1)Πt+1] +
ν

αγ

[(
ct
zt

)φ+1
α

− α
(

1− 1

ν

)
ςtc

1−σ
t

]
(22)

The Euler equation (20) amounts to the Fisher equation as in the flexible price model, and

Equation (21) is the Taylor rule with a new smoothing parameter ω. At the steady states,

these two equations are the same as in the flexible price model, therefore the sticky-price

model could also generate three steady states, as discussed in the previous section. Finally,

Equation (22) is the New Keynesian Philips Curve of this model.

The parameters are chosen as follows: A = 1.2, ΠH = 1.02, RH = 1.025, β = ΠH/RH ,

ΠLB = 0.99, α = 0.75, γ = 5, ν = 1.5, ε = 1. Other parameters are φ = 0.02, ρz = 0.5,

εs = 0.005, σ = 0.95. ω = 0.5. The following table summarizes steady states obtained using
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those parameter values.

Table 2: Steady States

Steady States

Variables High Low LowerBound

Π 1.02000 1.01205 0.99000

R 1.02500 1.01700 1.00576

c 0.58896 0.58886 0.58862

h 0.49368 0.49358 0.49330

4.2 Adaptive Learning

Linearizing around each steady state, the rational expectations equilibrium takes the

form as follows

xit = aix + bixεt,

where x = [Π, R, c], εt = [εz,t, εd,t], and i ∈ {H,L, LB} referring to the three steady states

that we identify. aix and bix are matrices of coefficients that are affected by the learning

rules used by agents to forecast inflation and consumption.

As in the flexible-price model, we continue assuming that agents don’t observe shocks

hitting the economy and use auto-regressive rule to make forecasts for consumption and the

inflation rate. Formally, agents adopt PLMs as follows

Πt = aΠ + bΠΠt−1 + ηΠ
t , (23)

ct = ac + bcct−1 + ηct . (24)

At the end of time t − 1, the models generate aΠ,t−1, bΠ,t−1, ac,t−1, bc,t−1. At the start of t,

agents form forecasts for consumption and inflation at time t + 1 based on the estimates

and data obtained at the end of period t - 1

Πe
t+1 = aΠ,t−1 + bΠ,t−1(aΠ,t−1 + bΠ,t−1Πt−1) (25)

cet+1 = ac,t−1 + bc,t−1(ac,t−1 + bc,t−1ct−1) (26)

Since all analysis conducted under the flexible-price model carries through to the sticky-price

model, we focus on the global dynamics under AR learning. Specifically, we use calibrated
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sticky-price model under AR learning rules and compare the simulated data from the model

with data from Japan, Euro zone and the US during periods, when those economies go into

the liquidity trap.

In doing so, it is convenient to make the assumption of point expectations which replaces

Et

[
Πt+1

(
ct+1

ct

)σ]
with Πe

t+1

(
cet+1

ct

)σ
and Et((Πt+1 − 1)Πt+1) with (Πe

t+1 − 1)Πe
t+1. This

assumption is a reasonable approximation which allows us to focus on the expectations

of inflation and consumption instead of the nonlinear function of them. The constant gain

learning parameter is set to be 0.001.

4.3 Simulations

Similar to the simulation exercise in Fig (4), we initialize the sticky-price economy at the

high steady state. We consider two cases in Fig (6). The only difference between these two

figures is persistence in the shock process. Agents use recursive least square with a constant

gain of 0.001. When there is no persistence in the shock process, the economy is fairly stable

around the high steady state, as shown in the left panel of the figure. When there is a high

persistence in the productivity shock ρ = 0.8,4 the economy slides down to the lower-bound

steady state. The transition is smooth along the Taylor curve.

Figure 6: Global simulations of the sticky-price model

(a) ρ = 0 (b) ρ = 0.8

Next, the global stability simulations confirms our finding in the flexible price model

as shown in Fig (5). In the left panel, the stability region shrinks with the persistence of

the shock. In the right panel, we simulate the model with different degrees of Taylor rule

smoothing under the same shock process. Interestingly, more Taylor rule smoothing makes

4In DSGE literature, it is common to calibrate the persistence of the productivity shock to be more than
0.8.
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the stability region smaller than the Taylor rule with less smoothing. That means adjusting

nominal interest rate slowly doesn’t really help the economy to be stabilized at the targeted

steady state.

Figure 7: Global stability in the sticky-price model

(a) Effect of ρ (b) Effect of ω

To understand the key mechanism driving these results, it is useful to investigate the

pattern changes in the time series before and after the economy hits the liquidity trap.
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Figure 8: Three Steady States

Fig. (8) shows the simulated time series of net inflation, net interest rate, consumption

and estimated coefficients in the learning rule for inflation.

When the shock has no persistence, the sticky price model is stable at the targeted steady

state, where the model simulation starts from. When the shock is persistent (right panels),

the model starts at the targeted steady state, but falls into the lower bound steady state

after some periods. There are significant changes in the second moment of the aggregate

variables. As shown in the second, third and 4th-row, the volatility in inflation and interest

rates fall after the economy transits into a liquidity trap. The volatility in consumption, on

the other hand, increases significantly, which suggests that there are significant welfare costs

associated with the liquidity trap equilibrium relative to the targeted equilibrium.

More importantly, it is interesting to observe the change in the coefficients of the inflation

forecasting rule. In both E-stable steady states, the forecasting rules are well anchored

around the long-run value of the forecasting variable. However, during the transition periods,

the slope coefficient changes to one, while the intercept coefficient drops to zero (the shaded

area). As discussed in Section (3.3), the type of shifts in coefficients of the forecasting rule

indicates the deanchoring of the expectation formation from the targeted rate, while the
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economy is in the process of falling into the liquidity trap. The expectation returns to be

anchored, albeit in a more volatile manner, after the economy gets into the liquidity trap

steady state.

5 Expectations deanchoring in the data

In this section, we check the empirical relevance of the insight from the model that,

deanchoring short-run inflation expectations play a key role in the process of transiting the

economy into a liquidity trap. According to our model, deanchoring of expectations can be

captured by the coefficients in the AR forecast rule. When the intercept coefficient becomes

zero and the slope coefficient approaches one, the inflation expectations are deanchored from

its long-run mean and subject to the influenced by the short-run fluctuations in the actual

rate of inflation.

To test this insight, we use the Consensus Forecasts for the US, Japan and the Euro zone.

Our data contain monthly forecasts of the percentage change in the CPI in different horizons

from 1993. As shown in Figure (9), short-horizon inflation expectations (dash lines) trace

the actual inflation rate (red solid line) closely, while long-run expectations (purple stars)

are less volatile.

Figure 9: Actual inflation and inflation expectations in the US
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Data source: Consensus Economics and FRED database
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We run rolling regressions of short-run inflation expectations on lagged inflation for 5-year

fixed windows and plot the intercept coefficients and the slope coefficients in Figure (10 -

11). We find that for, both one-year ahead and two-year ahead inflation expectations, all

three economies show signs of strong deanchoring inflation expectations over the last two

decades. In particular, in the US and the Euro zone, deanchoring happened in the early

2000. For Japan, the signal of deanchoring is showed up around 2005. In addition, Europe

had a second prolonged periods of deanchoring shown after 2010 when Europe was fighting

the European debt crisis.
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Figure 10: Deanchoring in 1-year ahead inflation expectations
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Figure 11: Deanchoring in 2-year ahead inflation expectations
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6 Conclusion

This paper shows that the choice of learning rules and information set for private agents

can have important implications in terms of the economy heading to the liquidity trap. When
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the economic shock is persistent, agents put more weight on recent inflation realizations

relative to the long-run average. As a result, a negative shock to inflation has negatively

influence on inflation expectations and generates self-fulfilling deflationary dynamics. Previous

studies show that with small i.i.d shocks, high-inflation steady state is stable under learning.

Our model reveals the insight that it is not just about the size of the shock. Still, persistence

is even more important than volatility when the forecasting rule is endogenously determined.

Simulations show that our AR-learning model tends to slip into a liquidity trap than other

learning models under i.i.d shocks. We also confirm this finding in a sticky-price model.
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Appendix

A.1. Derivation of Coefficients

The law of motion Eq.(??) can be written as

Πt = ΠH ((RH − 1)θt)
−RH−1

ARH (max(β−1Πe
t+1, RLB)− 1)

RH−1

ARH

Also note that RLB and β can be written as

RLB = (RH − 1)(
ΠLB

ΠH

)ARH/(RH−1) + 1, β =
ΠH

RH

Perturbing the law of motion near (Π, θt = ΠH , 1) and (Π, θt = ΠLB, 1) respectively generate

Πt =
1

A
Πe
t+1 −

(RH − 1)ΠH

ARH

θt +
(ARH − 1)ΠH

ARH

Πt = 0Πe
t+1 −

(RH − 1)ΠLB

ARH

θt +
((A+ 1)RH − 1)ΠLB

ARH

The coefficients for H and LB steady states are summarized in Table 1. Note that the L steady

state does not have an analytic solution, and we calculate that steady state numerically.

Under the following parameter values, ΠH = 1.02, RH = 1.025, β = ΠH/RH , A = 1.2,

ΠLB = 0.99, RLB = f(ΠLB) + 1, ρ = 0.5, the coefficients and steady state values are

numerically computed as follows

Table 3: Linearization Around Steady State - Numeric Results

Steady State

Coefficients High Low LowerBound

Π 1.02000 1.01205 0.99000

R 1.02500 1.01701 1.00576

αi 0.83333 1.21487 0.00000

δi −0.02073 −0.02057 −0.02012

ki 0.19073 −0.19689 1.01012
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A.2. Derivation of ALM

The PLM is Πt = a1 + b1θt−1 + η1,t which implies Πt+1 = a1 + b1θt + η1,t+1. This further

implies Πe
t+1 = a1 + b1θt. Combining this with Eq.(??), we can compute the actual law of

motion as

Πt = αiΠ
e
t+1 + δiθt + ki

= αi(a1 + b1θt) + δiθt + ki

= (αia1 + ki) + (αib1 + δi)θt

= (αia1 + ki) + (αib1 + δi)(1 + ρ(θt−1 − 1) + η1,t)

= (αia1 + ki) + (1− ρ)(αib1 + δi) + ρ(αib1 + δi)θt−1 + (αib1 + δi)η1,t

The T-map can be written as

T

(
a1

b1

)
=

(
(αia1 + ki) + (1− ρ)(αib1 + δi)

ρ(αib1 + δi)

)

The rational expectations equilibrium (REE) near a steady state i is defined by the fixed

point of the T-map as

ā1,i =
(ki + δi)− ρ(αiki + δi)

(1− αi)(1− ραi)

b̄1,i =
ρδi

1− ραi

Table 4: REE - Numeric Results

Steady State

Coefficients High LowerBound

ā1
(ARH−ρ)ΠH

(A−ρ)RH
ΠLB + ρ(RH−1)ΠLB

ARH

b̄1
ρ(1−RH)ΠH

(A−ρ)RH
−ρ(RH−1)ΠLB

ARH

Compute the steady state numerically including the low steady state, we get the following

results
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Table 5: REE - Numeric Results

Steady State

Coefficients High Low LowerBound

ā1 1.03777 1.03825 1.00006

b̄1 −0.01777 −0.02620 −0.01006

A.3. Derivation of ALM

The PLM is Πt = a2 + η2,t which implies Πt+1 = a2 + η2,t+1. This further implies

Πe
t+1 = a2. Combining this with Eq.(??), we can compute the actual law of motion as

Πt = αia2 + δiθt + ki. The T-map can be written as T (a2) = αia2 + δi + ki. The restricted

perception rational expectations equilibrium near a steady state i is defined by the fixed

point of the T-map as ā2,i = (δi + ki)/(1− αi).

Table 6: RP-REE - Numeric Results

Steady State

Coefficients High Low LowerBound

ā2,i ΠH ΠL ΠLR

1.02000 1.01205 0.99000

A.4. Derivation of ALM

The PLM is Πt = a3 + b3Πt−1 + η3,t. The perceived disturbance η3,t is believed by agents

to be white noise and is treated as unpredictable by agents. Note that Πt is not in the

information set at time t. We can compute the Πe
t+1 as follows

Πe
t+1 = a3 + b3Πt

= a3 + b3(a3 + b3Πt−1 + η̃t)

= a3(1 + b3) + b2
3Πt−1 + b3η̃t
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This further implies the ALM to be

Πt = αiΠ
e
t+1 + δiθt + ki

= αi(a(1 + b) + b2Πt−1) + δiθt + ki

= ki + αia(1 + b) + δiθt + αib
2Πt−1

To make the analysis more clean, we denote

A = ki + αia3(1 + b3)

B = δi

C = αib
2
3

and the ALM can be written as

Πt = A+Bθt + CΠt−1

θt = 1 + ρ(θt−1 − 1) + ε̃t

Because the PLM is misspecified the ALM law of motion does not lie in the space of PLM.

The appropriate E-stability condition is obtained from a T-map based on the projected ALM.

We project the ALM stochastic process onto PLM space of processes. Let the projected ALM

be

Πt = Ta + TbΠt−1 + η̃t

where Πt is the least-squares projections of Πt onto the variables (1,Πt−1). The coefficients

(Ta, Tb) are given by the least-squares orthogonality conditions that the forecast error Πt −
Ta−TbΠt−1 must be uncorrelated with both regressors (1,Πt−1). This lead to the conditions

E(Πt − Ta − TbΠt−1) = 0

E((Πt − Ta − TbΠt−1)Πt−1) = 0
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Moments EΠ, E(ΠtΠt−1), E(Π2) are needed to solve for the coefficients and can be computed

by the following system of equations (9 unknowns 9 equations)

Eθ = 1

E(εθ) = σ2
ε

EΠ = A+B + CEΠ

E(θ2) = 1 + σ2
ε − ρ2 + ρ2E(θ2)

E(θtθt−1) = 1 + ρ(E(θ2)− 1)

E(ΠtΠt−1) = AEΠ +BE(θtΠt−1) + CE(Π2)

E(θΠ) = A+BE(θ2) + CE(θtΠt−1)

E(Π2) = A2 + 2AB + 2ACEΠ + C2E(Π2) + 2BCE(θtΠt−1) +B2E(θ2)

E(θΠ) = A+ CEΠ +B +BE(εθ)− CρEΠ + CρE(θΠ)−Bρ+BρE(θtθt−1)

Solve for Ta and Tb with the above system, we get the projected ALM to be

T

(
a3

b3

)
=

(
Ta

Tb

)
=

(
(ki+a3(1+b3)αi+δi)(1−ρ)

1+b23αiρ
b23αi+ρ

1+b23αiρ

)

The fixed point of the T-map defines the rational expectations equilibrium (REE) around

each steady state. The Jacobian of the T-map evaluated at each of the fixed point determines

the E-stability property of the REE. I present the analytic solution for the lower-bound steady

state and numeric solution near the high steady state and low steady state.

Near the lower-bound steady state, αi = 0. Further more, Ta = (ki + δi)(1 − ρ), and

Tb = ρ. Note that ki + δi = ΠLB, we reduce the T-map near the lower-bound steady state

to be

T

(
a3

b3

)
=

(
ΠLB(1− ρ)

ρ

)
Trivially, the only REE near the lower-bound steady state is ā = ΠLB(1− ρ) and b̄ = ρ, and

it is E-stable under learning. Near the high steady state, we compute the numeric solution

except leaving ρ as an adjustable parameter. In Fig. (3), we show that ρ enters the fixed

point of the T-map which represents the rational expectations equilibrium.

Guerrieri and Lorenzoni (2017, QJE) and Eggertsson and Krugman (2012)
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