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Abstract

This paper investigates the implication of introducing multiple finite-state Markov
extrinsic sunspot processes in a general univariate forward-looking model. In this
model, each agent either does not observe any sunspots or observes only one of the
sunspots. I show, for both the linear case and nonlinear case, that there exist adaptively
stable Markov stationary sunspot equilibria (SSEs) near an indeterminate steady state.
In the linear case, each sunspot process is associated with a knife-edged serial correlation
condition, known as the resonant frequency condition. In the nonlinear case, the
serial-correlation condition associated with each sunspot process is no longer knife-edged.
In both cases, each serial correlation condition depends on the proportion of agents
who observe that sunspot. As long as one sunspot process satisfies its serial correlation
condition, adaptively stable SSEs exist. I illustrate the results using a standard version
of the Samuelson overlapping generations model of money where agent-level beliefs are
treated carefully.

1 Introduction

In macroeconomic models of dynamic economies with forward-looking agents, steady

states can be indeterminate. Indeterminacy occurs when there exist an infinite number of

rational expectations equilibria (REE) associated with such a steady state. The concept of

indeterminacy is closely related to the idea of a sunspot equilibrium. The idea is that, in the

presence of indeterminacy, a rational expectations equilibrium path can exhibit fluctuations

that depend on extrinsic shocks called sunspots. The sunspots are extrinsic in the sense that

they are not based on model fundamentals. This dependency is self-fulfilling and arises when

agents condition their expectations on sunspots, and the sunspots influence the economy only

through agents’ expectations. In a proper sunspot equilibrium, the allocation of resources

depends on sunspots in a non-trivial manner. Fluctuations are speculative and driven solely

by expectations. Sunspots in these solutions often follow a stationary stochastic process,

and these self-fulfilling rational expectations solutions are often called stationary sunspot

equilibria (SSE.) Contrary to the conventional wisdom that only intrinsic uncertainty should
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influence economic activity, the sunspots model offers an explanation of volatility without

going beyond the rational expectations framework. Several authors first documented the

existence of rational expectations solutions driven by extrinsic stochastic processes. Shell

(1977) provided the first sunspots model in an overlapping-generations exchange economy

with fiat money. Azariadis (1981) was the first published paper to show that sunspots may

be responsible for business cycles. Cass and Shell (1983) explored the conditions under

which sunspots solutions arise and offered welfare analysis using an overlapping-generations

economy. Azariadis and Guesnerie (1984) establish that the existence of two-period cycles

is a sufficient and necessary condition for the existence of a two-state stationary sunspot

equilibrium. Their conclusions were obtained in a special class of overlapping generations

economies. Guesnerie (1986) provided sufficient conditions for the existence of sunspot

equilibria near deterministic cycles in a broader class of models with multiple commodities.

All of the early existence results for sunspot equilibria were initially obtained in simple

stylized models, and the conclusions were not generalizable. The first generic result that

provides criterion on indeterminacy was provided by Blanchard and Kahn (1980). They

present a practical technique for determining whether a multivariate linear model has a

unique equilibrium. The technique is based on matrix eigenvalue decomposition and compares

the number of explosive eigenvalues in the coefficient matrix to the number of variables that

are not predetermined. Given that the expectation of future non-predetermined variables

does not grow to infinity, an explosive eigenvalue is associated with a restriction. All the

restrictions collectively describe the law of motion for the non-predetermined variables in

the model in a way that is aligned with the rational expectations hypothesis. Depending on

the number of restrictions implied by explosive eigenvalues in comparison to the number

of non-predetermined variables, there might be no equilibrium, one unique equilibrium,

or multiple equilibria. The method of Blanchard and Kahn is demonstrated as a way to

determine the existence and uniqueness of REE solutions, but the same method can also be

applied to establish the existence of sunspot equilibria in a linear model. Sunspot equilibria

can be constructed in an easily analyzed vector autoregressive form, and the support of

the sunspots can be either continuous or discrete. Sims (2000) uses generalized Schur

decomposition to improve the technique of Blanchard and Kahn to accommodate a broader

collection of models researchers might encounter in practice. Woodford (1986) extends the

results of Blanchard and Kahn to a general non-linear model. He applies an implicit function

theorem through a local analysis and shows that local equilibrium uniqueness in a non-linear

model is implied by uniqueness in the linearized model.
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The existence of SSE alone does not justify their importance. Sunspot equilibria rely

on agents to believe an extrinsic random variable that does not directly affect the economy

will have an impact. A natural question to ask is whether agents will learn to believe

in sunspots in the first place. Separate literature on equilibrium selection tries to answer

this question. Woodford (1990) shows that, under some plausible assumptions, agents that

follow adaptive learning rules may learn to coordinate their expectations and actions on

sunspots. The stability result is obtained in a stylized model based on global analysis

using the structure of the invariant set under learning and the index number theorem of

Poincare-Hopf. However, the approach of Woodford cannot be used to locate stable sunspots.

Evans and Honkapohja provide stability conditions for SSEs in several papers. The method

of Evans and Honkapohja work in a class of generic models and can be used to provide

information about the location of the stable sunspots. In particular, Evans and Honkapohja

(1994) show that, in a general class of nonlinear models, E-stability give the necessary and

sufficient conditions for local stability of finite-state SSEs near a deterministic cycle under

adaptive learning. The stability of SSEs in a small neighborhood of cyclic equilibria is implied

by the stability of the equilibria associated with the deterministic cycles. The proof uses the

property that the determinate of a matrix is a continuous function in its eigenvalues. Evans

and Honkapohja (2003a) consider a forward-looking linear model and provide the condition

under which SSEs near a deterministic steady state are stable under learning. They also show

that the representation used by agents in the learning process matters for the stability results,

and the autoregressive solutions are never stable under learning. In addition to a condition

on the slope of the model, a resonant frequency condition must also be satisfied for the SSE

solution to be stable. The stability results of SSEs near a deterministic steady state in a

linear model extend to the nonlinear version of the model. In a companion paper of Evans

and Honkapohja (2003b), they show the stability results carry over to the corresponding

nonlinear model in a neighborhood of a steady state. The proof relies on a local bifurcation

which arises when the differential equation governing the stability has one eigenvalue set to be

zero. Evans and McGough (2005a) find that an SSE may be stable if the serial correlation

of the associated sunspot process exhibits the resonant frequency. In a separate paper,

Evans and McGough (2011) also show that the stability of finite state Markov sunspots

implies all sunspots are stable under learning, provided common factor representations are

used. Evans and McGough (2018) study the existence and stability results near-rational

sunspot equilibria (NRSE) in forward-looking nonlinear models where agents use the optimal

linear forecasting model among similarly specified linear models, and the sunspot process has

continuous support. They provide generic existence results for continuous-support sunspot

equilibria in non-linear models, and the solutions are constructive with simple recursive
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forms. They also establish that the stability result such an equilibrium is implied by the

associated linearized model. Sunspot equilibria remained as a purely theoretical topic until

several authors explored the possibility of fitting sunspot driven business cycles into applied

dynamic stochastic general equilibrium models. Benhabib and Farmer (1994) provide a

simple condition for indeterminacy in a one-sector growth model. The condition requires

the degree of increasing returns-to-scale for aggregate technology should be large enough to

imply the aggregate labor demand curve is upward-sloping and also steeper than the labor

supply curve. Caballero and Lyons (1994) or Baxter and King (1991) estimate externalities

to be large and in the plausible range where indeterminacy might arise. Farmer and Guo

(1994) develop a calibrated nonconvex real business cycle model that well-matched the

data. The model uses only sunspot processes as an exogenous stochastic driver to explain

business cycle co-movements, and the model matches the data better than the standard real

business cycle (RBC) models with fundamental shocks. Farmer and Guo demonstrate that

the models with indeterminate equilibria can explain features of the macroeconomic data

at business cycle frequencies that traditional RBC models cannot. Gali and Jordi (1994)

developed an alternative way of introducing nonconvexity into RBC models. Instead of

relying on the presence of large increasing returns, their model allows for sunspot equilibria

and sunspot-driven fluctuations by incorporating monopolistic competition and endogenous

markups. However, more estimates obtained later in the literature called into questions

these results by showing that the early estimates of externalities were overstated. See Basu

and Fernald (1994) and Norrbin (1993) for the new estimates. Following that, more real

business cycle models with a variety of non-convexities have been established to generate

indeterminacy with empirically plausible calibrations. For example, Benhabib and Farmer

(1996) introduce mild increasing returns-to-scale by building sector-specific externalities into

a two-sector model. Specifically, their model includes externalities in both the consumption

goods sector and the investment goods sector. A nice feature about their model is that it

does not need large external effects that give rise to an upward sloping labor demand curve.

Their two-sector model allows for indeterminacy within the regions of reasonable estimates

at the industry level. Nevertheless, a number of empirical researchers found that the returns

to scale are roughly constant by refining the earlier findings of Hall (1990) on disaggregated

US data. In response to this new finding, Benhabib, Meng, and Nishmura (2000) develop an

RBC model with multiple sectors that generate indeterminacy without relying on increasing

returns-to-scale. Some authors also explored the possibility of introducing nonconvexity

by assuming alternative utility functions. For example, Bennett and Farmer (2000) show

that a one-sector growth model with preferences that are non-separable in consumption and

leisure allows for indeterminate equilibria when demand and supply curves have the standard
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slopes. Hintermaier (2002) proves in a general setup that utility functions compatible with

indeterminacy are not concave if the elasticity of scale is lower than the inverse of the labor

share in production.

A separate but related literature has risen to investigate whether any of the indeterminate

equilibria in these nonconvex RBC models are stable under learning. Evans and Honkapohja

(2001) find that the sunspot equilibria studied by Farmer and Guo (1994) were not stable,

at least for the calibrations used in their paper. Evans and McGough (2005b) study the

stability properties of the sunspot solutions under both the general form representation and

the common factor representation in two alternative information assumptions. They find

that there are large parameter regions in which sunspot solutions are stable for the reduced

form. However, when the reduced form parameters are restricted to match the calibrated

structural models, stable sunspot equilibria only exist for a very small part of the standard

indeterminacy region, and the stability result is subject to the timing assumption. Evans and

McGough call this observation the stability puzzle in nonconvex economies. The stability

and instability regions in Evans and McGough (2005b) were obtained numerically. Duffy

and Xiao (2006) consider a host of sunspot-drive RBC type models and provide analytic

conditions for sunspot equilibria to be stable under learning. They prove analytically

that structural model parameter restrictions imply that indeterminate solutions cannot be

adaptively stable at the same time. Different from the early critique of sunspot-driven RBC

models that it is empirically implausible to have indeterminacy under the calibrations of

the structural models, these papers question whether agents can learn to coordinate on

such an equilibrium with reasonable calibrations. McGough, Meng, and Xue (2013) study

a one-sector RBC model with externalities. They find that the Benhabib-Farmer condition

that the labor-demand curve is upward-sloping and steeper than the labor-supply curve is

necessary for joint indeterminacy and E-stability. Two additional conditions are also required

for stable indeterminacy when the utility function is separable: the externality from capital

input is negative, and the steady-state value of intertemporal elasticity is larger than one.

When these conditions are satisfied, there is a large parameter region corresponding to stable

indeterminacy.

In addition to RBC type models, the idea of indeterminacy and sunspot-driven fluctuations

is also applied to other dynamic stochastic general equilibrium models. For example, an

extensive literature has arisen to warn of the dangers of sunspot equilibria from a poorly

designed monetary policy. The prospect of the agents coordinating on some extrinsic shocks

causes inefficient fluctuations, and monetary policies should be designed, so sunspot-driven
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volatility does not arise. Many authors found that indeterminacy occurs if the monetary

authority follows an interest rate rule that does not respond aggressively to changes in

inflation. King (2000) provides a detailed description of micro-founded New IS-LM models

that incorporate expectations in both IS and Phillips Curve. The paper suggests the interest

rule should have aggressive value for the feedback parameter on inflation which is in line with

Taylor’s rule. Clarida, Gali, and Certler (2000) estimate the monetary policy rules before

and after Paul Volcker was appointed Chairman of the board of Governors of the Federal

Reserve System. They find that the interest rule was accommodative in the pre-Volcker

year and aggressive in the post-Volcker year. This paper applies the pre-Volcker rule to

a calibrated New Keynesian (NK) model and finds the accommodative rule leaves open

the possibility of sunspot-driven fluctuations. They argue that substantial volatility in

inflation and output observed in the late sixties and seventies can be partially explained

by the self-fulfilling changes in expectations. They also show the NK model calibrated

according to the post-Volcker rule is instead determinate, which matches the smaller variance

of inflation and output observed in the eighties. Lubik and Schorfheide (2004) point out that

determinacy is a property that cannot be established using single-equation methods. Instead,

they estimate a fully specified rational expectations model using a Bayesian approach. They

specify a prior probability distribution over parameters with equal weights on determinate

and indeterminate regions. Using US data on the output gap, the interest rate, and the

inflation rate, they compute the posterior odds ratios for these regions. Their findings

strongly confirm that the pre-Volcker rule was destabilizing.

The existence of indeterminacy in these monetary models raises the question of whether

sunspot equilibria in the New Keynesian models are stable under learning. Honkapohja and

Mitra (2004) were the first to consider a purely forward-looking AS equation with a variety

of interest rules including those dependent on current, lagged, and expected inflation and

output gap. They find that sunspot-driven equilibria they consider may be stable only if the

interest rate rule depends on expected inflation and expected output gap. However, their

initial conclusion only considered the general form representation which is a linear function

of lagged endogenous variables and a sunspot variable taking the form of a martingale

difference sequence. Evans and Honkapohja (2003a) find that previously-thought unstable

sunspot equilibria can also be stable when represented as the common factor representation

and argue that stability analysis must incorporate both general form and common factor

representations. Another related literature concerns if agents are able to coordinate when

the monetary policy is designed so the steady states are determinate. Bullard and Mitra

(2002) study the stability property of a broad class of variants of the Taylor interest rate
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rule and find learnability of a unique rational expectations equilibrium is not guaranteed.

They argue that monetary policy should take into account the learnability constraints, even

if there is determinacy. Evans and Honkapohja (2003a) analyze learnability in a similar

model and consider different ways of implementing optimal monetary policy under discretion.

Specifically, they find that fundamentals based policy rules are not conducive to convergence

to equilibrium.

So far, all of the existence and stability results have been obtained within a representative

agent framework. That is to say; there is no heterogeneity across the agents - every agent

shares the same information sets and beliefs and makes the same decisions. There are

advantages of working with a representative agent. It is easy to work with one decision maker

instead of simultaneously analyzing many different decisions. However, rational expectations

equilibria, including sunspot equilibria, can be essentially thought of as an outcome of a

coordination game participated by a large number of rational agents. In an REE, each agent’s

decision is optimal given what other agents’ decisions are. In models of indeterminacy and

sunspot equilibria, using a representative agent imposes two implicit assumptions on the

economy. First, every agent is open to the idea that the sunspot variable may matter for the

outcomes of the economy. In the specification, every agent uses the same type of learning

rule that depends on the sunspot variable. Second, there is only one sunspot process that all

agents observe, and agents coordinate their actions on this one sunspot variable. In practice,

there are two ways to deviate from the representative-agent framework. The first is only

a proportion of the agents believe in the sunspot, and the rest do not believe the economy

fluctuates according to the sunspot. The second is there are multiple sunspot processes

and agents “disagree” on which of the sunspots matters. Intuitively, either deviation would

make a sunspot equilibrium less likely to exist, or if it does exist, more difficult to be

stable. Deviation from the representative-agent framework can serve as a “robust test” for

the existence and stability of sunspot equilibria. This paper proves that adaptively stable

sunspot-driven equilibria can still exist under either deviation. I provide the necessary and

sufficient conditions for the existence and stability of sunspot equilibria near an indeterminate

steady state in a general univariate forward-looking model. I show that the results obtained

in Evans and Honkapohja (2003b) extend naturally to models with heterogeneous beliefs.

To obtain belief heterogeneity, I introduce multiple extrinsic finite-state Markov sunspot

processes in a general univariate model. Expectational heterogeneity rises naturally, as each

agent either does not observe any sunspots or observes only one of the sunspots. I prove the

existence of restricted perception stationary sunspot equilibria (SSE) near an indeterminate

steady state. Several insights are provided regarding the stability result. In a linear model,
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each sunspot process is associated with a knife-edged restriction on its serial correlation. In

a nonlinear model, the restriction is no longer knife-edged. The existence of E-stable SSE

only requires one of the potentially many sunspot processes to satisfy its restriction. If a

smaller proportion of agents observe a sunspot process, it needs more substantial negative

feedback from expectations at the steady state to meet the RFC associated with that sunspot

process. A standard version of the Samuelson overlapping generations model of money is

used to illustrate the results. This paper also contributes to recent studies on the topic

of bounded rationality with heterogeneous agents. For example, Branch and Evans (2005)

introduces intrinsic heterogeneity in expectation formation by allowing agents to choose

between a list of misspecified econometric models. Honkapohja and Mitra (2006) show how

different forms of heterogeneity in structure, forecasting models and adaptive learning rules

affect the conditions for convergence of adaptive learning towards REE.

2 Model

Consider the univariate nonstochastic model with a unit continuum of agents who hold

potentially heterogeneous beliefs:

yt =

∫
Ω

H(Eω
t [G(yt+1)|Iωt ])dω. (1)

Here y is a univariate endogenous variable, and its law of motion is defined by the difference

equation that involves a continuous of expectational terms index by ω ∈ Ω, where Ω is

the set of all agents. Define an information set that is available to agent ω at time t as

Iωt . Eω
t G(yt+1) denotes the conditional expectation of G(yt+1) held by agent ω at time t

given Iωt . Note that Eω
t G(yt+1) is the true mathematical conditional expectation of G(yt+1).

Functions H : R → R and G : R → R are both of differentiability class C3. Define function

F = H ◦G : R→ R. Assume throughout that there exist a locally unique steady state ŷ such

that ŷ = F (ŷ). For the purpose of this paper it will be sufficient to consider sunspot processes

with two states indexed by 1 and 2. Let there be N independent random variable {skt }Nk=1,

each associated with an exogenous two-state Markov processes with transition probability

matrices {Πk}Nk=1. Denote Πk = (πki,j) for all k. Every agent observes either one of processes

or none of them. The individual information set Iωt depends on the agent’s observability of

the Markov processes. For example, if agent ω does not observe any of the Markov processes,

Iωt is an empty set; if agent ω observes Markov process k, then Iωt = {skt }tτ=1. Consider a

stochastic process for yt that depends on the combination of N exogenous two-state Markov

processes {skt }Nk=1. Denote st = (s1
t , s

2
t , . . . , s

N
t ) as the profile of sunspots at time t, and
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S = {1, 2}N as the set of all possible values the profile vector can take, i.e. st ∈ S. A

rational expectations equilibrium is defined as follows.

Definition 1 {yt} is an REE if there exists a set {ȳs}s∈S ∈ R2N such that yt = ȳs if st = s

and that {yt} satisfies Eq.(1) with the information structure {Iωt }.

An immediate REE that follows the definition is yt = ŷ where ŷ is the locally unique steady

state of the model. This solution is referred to as the fundamental solution. If ȳs1 6= ȳs2

for some s1, s2 ∈ S, the REE is a stationary sunspot equilibrium (SSE). An interesting

observation is that the cyclic order of an SSE can potentially be as large as 2N , a number

that grows exponentially in N .

2.1 Adaptive learning

To analyze the stability under adaptive learning, I replace the true mathematical expectation

term Eω
t in Eq.(1) with Êω

t , which is the subjective expectation held by agent ω at time t

conditional on information Iωt . To make the analysis clean, I categorize agents into two

general types. One type of agents are assumed to believe that they are always in a steady

state, and I call these agents the steady-state (SS) believers. The other type of agents only

observe one sunspot process and believe that they are in a two-state SSE with yt taking

values according to the observed sunspot. I call these agents the SSE-k believers where k

indicates the index of the sunspot process they observe. SS believers use the average past

value taken by yt as the estimate for the steady state. SSE-k believers use the average past

value taken by yt in each state of sunspot skt as the estimates for the values associated with

each state. Formally, let φ0
t be the estimate of an SS believer and φkt = (φk1t, φ

k
2t) be the

estimates of an SSE-k believer. SS believers and SSE-k believers use learning rules based on

the following recursive equations:

φ0
t = φ0

t−1 + t−1(yt−1 − φ0
t−1),

φkjt =

{
φkj,t−1 + (#T kj,t)

−1(yt−1 − φkj,t−1) if skt = j

φkj,t−1 if skt 6= j

for j = 1, 2. Here T kj,t = {τ ∈ {0, 1, · · · , t − 1}|skτ = j}, and the operator # counts the

number of elements in a set. At time t, an SS believer forms her expectation:

Êω
t G(yt+1) = G(φ0

t ).
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An SSE-k believer form her expectations:

Êω
t G(yt+1) =

{
πk11G(φk1t) + (1− πk11)G(φk2t) if skt = 1

(1− πk22)F (φk1t) + πk22G(φk2t) if skt = 2

Note these expectations are point expectations, and this works because the model is non-stochastic.

The learning algorithm is closed by specifying that yt is updated through the temporary

equilibrium implied by Eq.(1). The rest of the paper analyzes local stability under adaptive

learning by deriving E-stability results. It has been established that E-stability governs

stability under adaptive learning. See Evans and Honkapohja (2001), Chapter 12.

3 E-stability of SSE

This section derives the stability results for the general model Eq.(1) featuring heterogeneous

beliefs. The results are presented in two simple cases of the model. In the first case, there

is only one sunspot process, and each agent is either an SS believer or an SSE believer. In

the second case, there are two sunspot processes, and each agent is either an SSE-1 believer

or an SSE-2 believer. I comment where appropriate on how my results extend to the more

general case with a mix of more types of sunspot observers.

3.1 SSE believers v.s. SS believers

Consider the case where there is only one sunspot process {st} with transition matrix

(πij). There is a mix of SS believers and SSE believers. The temporary equilibrium depends

on “the weighted average belief”. Eq.(1) becomes

yt =
2∑
i=1

γiH(Ei
t [G(yt+1)|I it ]), (2)

where γ1 is the proportion of SSE believers and γ2 is the proportion of SS believers, and

γ1 + γ2 = 1. Let γ1 = γ ∈ (0, 1). Assume that SSE believers have perceived law of motion

(PLM) yt = α1i where i = st, and that SS believers have restricted PLM yt = α2. The

mapping from the set of PLMs to the projected actual law of motion (ALM) is given by the

following equation system. See Appendix A.1. for the derivation the projected ALM. Recall
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F (·) = H(G(·)).

T

 α11

α12

α2

 =

 γH(π11G(α11) + π12G(α12)) + (1− γ)F (α2)

γH(π21G(α11) + π22G(α12)) + (1− γ)F (α2)

γ(p̄1H(π11G(α11) + π12G(α12)) + p̄2H(π21G(α11) + π22G(α12)) + (1− γ)F (α2)


where p̄1 = π21/(π21 + π12) and p̄2 = π12/(π21 + π12), and (p̄1, p̄2) is the unique stationary

distribution of the sunspot process st for state 1 and state 2. Let α = (α11, α12, α2)′. The

differential equation defining E-stability is

dα

dτ
= T (α)− α. (3)

For SSEs nearby a steady state, some useful results are implied by analysis of the linearization

of Eq.(3) at the steady state. The model can be transformed to deviation from the locally

unique steady state of the model ŷ form with wi = αi − ŷ for i ∈ {11, 12, 2}. Appendix A.2.

shows that the linearized system at the steady state can be written as

ẇ = Aw + Ψ (4)

where

ẇ =

 ẇ11

ẇ12

ẇ2

 , w =

 w11

w12

w2

 , Ψ =

 Ψ11(w11, w12, w2)

Ψ12(w11, w12, w2)

Ψ2(w11, w12, w2)


and the coefficient matrix of the linear part is A = F ′(ŷ)Π̃− I with

Π̃ =

 γπ11 γπ12 (1− γ)

γπ21 γπ22 (1− γ)

γp̄1 γp̄2 (1− γ)

 (5)

Here ẇi = dwi/dτ , and Ψi(w11, w12, w2) denote the nonlinear parts. Note that Π̃ in fact is a

transition probability matrix, and I will explore the implication of this observation in details

later. The eigenvalues of Π̃ are 0 , 1, and γ(π11 +π22−1). Thus, the eigenvalues of the linear
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map A are

λ1 = −1

λ2 = F ′(ŷ)− 1

λ3 = γF ′(ŷ)(π11 + π22 − 1)− 1

I proceed with the stability analysis with the linear case and the nonlinear case separately.

3.1.1 Linear case

If both H(y) and G(y) are linear functions in y, then F (y) = H(G(y)) is also a linear

function, and Ψi(w11, w12, w2) is zero for i ∈ {11, 12, 2}. Let the slope of the the linear

model be β. Eq.(4) simplifies to ẇ = (βΠ̃− I)w. Now the eigenvalues of A are

λ1 = −1

λ2 = β − 1

λ3 = γβ(π11 + π22 − 1)− 1

For the linear model, Theorem 1 provides the conditions under which SSEs exist, and

Theorem 2 states the necessary and sufficient conditions for these SSEs to be E-stable.

Appendix A.3. proves the two theorems.

Theorem 1 If |β| > γ−1, there exist a continuum of SSE solutions

{(w11, w12, w2) ∈ R3|π21w11 + π12w12 = 0, w2 = 0} (6)

for transition probabilities satisfy the resonant frequency condition π11 + π22 − 1 = (γβ)−1.

I make a few comments about the existence result for the linear model. First, note the

condition for existence can also be written as |γβ| > 1, and recall the existence condition

in the standard representative-agent model is |β| > 1. It can be seen that the proportion

parameter γ directly modifies the slope of the linear model in a multiplicative way. Intuitively,

a γ proportion of the agent population form expectations of the future states, and their

expectations affect today with a magnitude order of β. These SSE believers generate

feedback at level γβ. Second, the resonant frequency condition is modified by the proportion

parameter γ compared to its counterpart in a standard representative-agent model. Third,

the set of the continuum does not depend on γ, the proportion of agents who believe in

sunspots. In the SSEs, the restrictions on w11 and w12 are identical to the restriction found
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in Evans and Honkapohja (2003a), and the only difference is that the steady-state believers

think yt is always at the steady state of the model ŷ. Finally, the existence region shrinks

as γ becomes smaller, which aligns with the intuition that if less agents coordinate on the

sunspot, SSEs are less likely to exist.

Theorem 2 The set of SSEs are E-stable if β < −γ−1 and they are not E-stable if β > γ−1.

The stability result extends naturally from Evans and Honkapohja (2003a). In the limit

when there are only SSE believers, i.e., γ = 1, theorem 1 matches the stability results found

in previous literature. Note that if there is a mix of SSE believers and SS believers, the slope

of the linear function β has to be more negative than the counterpart with representative

agents for there to exist E-stable SSEs. A substantial negative slope β is required for the

model to have stable SSE if the proportion of SSE believers, γ, is small.

3.1.2 Nonlinear case

Recall that F = H◦G : R→ R is three times continuously differentiable in a neighborhood

of ŷ. Further I assume F ′(ŷ) 6= 0 and F ′′(ŷ) 6= 0. For the nonlinear case, theorem 3 provides

the conditions under which SSEs exist near the steady state of the model, and theorem 4

states the necessary and sufficient conditions for these SSEs to be E-stable.

Theorem 3 If |F ′(ŷ)| > γ−1, there exists an SSE (w11, w12, w2) near (0, 0, 0) for the for

transition probabilities satisfy the condition

π11 + π22 − 1 < (γF ′(ŷ))−1 (7)

This theorem is a natural extension to the findings in the previous literature. Similar to the

linear model, the slope of F evaluated at the steady state is modified and multiplied by γ,

the proportion of SS believers.

Theorem 4 The set of SSEs in theorem 3 are E-stable if F ′(ŷ) < −γ−1, and they are not

E-stable if F ′(ŷ) > −γ−1.

The proof relies on a local bifurcation analysis of the differential equation Eq.(3) using the

linearization Eq.(4). The bifurcation arises when the linear part of the system has a zero

eigenvalue, i.e. λ3 = 0 or

π11 + π22 − 1 = (γF ′(ŷ))−1
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Note that I am able to set eigenvalue λ3 to be zero with the assumption F ′(ŷ) < −(γ)−1.

Appendix A.5. proves that if F ′(ŷ) < −(γ)−1, E-stable SSEs exist near the steady state.

Treating π22 as a fixed number, I vary π11 to achieve bifurcation. Let

π̄11 = 1 + (γF ′(ŷ))−1 − π22

v = π11 − π̄11

The bifurcation occurs at v = 0. It follows that E-stable SSEs exist for v < 0. Note that

v < 0 implies Eq.(7) which is equivalent to λ3 > 0. If v > 0, the SSEs are not E-stable and

learning instead converges to the fundamental solution. Note that the sharp edged resonant

frequency condition is no longer needed. Specifically, if the transition matrix (πij) is such

that Eq.(7) is satisfied, there exist an SSE near the steady state. In particular, this result

emphasizes the artificial nature of resonance frequency. Again, when there are only SSE

believers or γ = 1, theorem 3 matches the results from the previous literature. See Evans

and Honkapohja (2003b). Similar to the linear case, a smaller proportion of SSE believers

requires a more negative slope evaluated at the steady state ŷ for there to exist E-stable

SSEs.

3.2 SSE-1 believers v.s. SSE-2 believers

In this section, I consider the case where there are multiple sunspot processes. For

convenience, I assume that there are two two-state Markov sunspot processes and that each

agent either observes the sunspot process 1 or sunspot process 2. There are no SS believers.

I comment when appropriate how the stability result extends to the more general case where

there are more processes and SSE believers. Sunspot processes s1
t ∈ {1, 2} and s2

t ∈ {1, 2}
have transition probability matrices Π1 = (π1

ij) and Π2 = (π2
ij). Two types of agents are

called SSE-1 believers and SSE-2 believers respectively. SSE-j believers have PLM-j yt = αji

where i = sjt for j ∈ {1, 2}. The temporary equilibrium depends on “the weighted average

beliefs” of the two types of agents and writes as follows:

yt =
2∑
i=1

γiH(Êi
tG(yt+1)), (8)

where γ1 ∈ (0, 1) is the proportion of SSE-1 believers, and γ2 ∈ (0, 1) is the proportion of

SSE-2 believers, and γ1 + γ2 = 1. The following equation system gives the mapping from

the set of PLMs to the projected actual law of motion (ALM). Appendix A.5. derives the

following T-map from the PLMs to the projected ALM
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T


α11

α12

α21

α22

 =


γ1H(π1

11G(α11) + π1
12G(α12)) + p̄21γ2H(π2

11G(α21) + π2
12G(α22)) + p̄22γ2H(π2

21G(α21) + π2
22G(α22))

γ1H(π1
21G(α11) + π1

22G(α12)) + p̄21γ2H(π2
11G(α21) + π2

12G(α22)) + p̄22γ2H(π2
21G(α21) + π2

22G(α22))

p̄11γ1H(π1
11G(α11) + π1

12G(α12)) + p̄12γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
11G(α21) + π2

12G(α22))

p̄11γ1H(π1
11G(α11) + π1

12G(α12)) + p̄12γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
21G(α21) + π2

22G(α22))



Here p̄j1 = πj21/(π
j
21 + πj12) and p̄j2 = πj12/(π

j
21 + πj12) , and (p̄j1, p̄j2) are the stationary

distributions of sunspot processes sjt for states1 and state 2. Let α = (α11, α12, α12, α22)′.

The differential equation defining E-stability is

dα

dτ
= T (α)− α. (9)

For SSEs nearby a steady state, some useful results are implied by analysis of the linearization

of Eq.(9) at the steady state. The model can be transformed to deviation from steady state

form with wi = αi − ŷ for i ∈ {11, 12, 21, 22}. Appendix A.6. shows that the linearized

system at the steady state can be written as

ẇ = Aw + Ψ, (10)

where

ẇ =


ẇ11

ẇ12

ẇ21

ẇ22

 , w =


w11

w12

w21

w22

 , Ψ =


Ψ11(w11, w12, w21, w22)

Ψ12(w11, w12, w21, w22)

Ψ21(w11, w12, w21, w22)

Ψ22(w11, w12, w21, w22)


and the coefficient matrix of the linear part is A = F ′(ŷ)Π̃− I with

Π̃ =


γ1π

1
11 γ1π

1
12 γ2p̄

2
1 γ2p̄

2
2

γ1π
1
21 γ1π

1
22 γ2p̄

2
1 γ2p̄

2
2

γ1p̄
1
1 γ1p̄

1
2 γ2π

2
11 γ2π

2
12

γ1p̄
1
1 γ1p̄

1
2 γ2π

2
21 γ2π

2
22

 (11)

Here ẇi = dwi/dτ , and Ψi(w11, w12, w21, w22) denote the nonlinear parts. Note that Π̃

in fact qualifies as a transition probability matrix, and I will explore the implication of

this observation in details later. The eigenvalues of Π̃ are 0 , 1, γ1(π1
11 + π1

22 − 1) and
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γ2(π2
11 + π2

22 − 1). Thus, the eigenvalues of the linear map A are

λ1 = −1

λ2 = F ′(ŷ)− 1

λ3 = γ1F
′(ŷ)(π1

11 + π1
22 − 1)− 1

λ4 = γ2F
′(ŷ)(π2

11 + π2
22 − 1)− 1

Similar to the previous section, I proceed with the stability analysis with the linear case and

the nonlinear case separately.

3.2.1 Linear case

If both H and G are linear functions in y, then F (y) = H(G(y)) is also a linear function,

and Ψi(w11, w12, w21, w22) are zeros. Let the slope of the the linear model be β. Eq.(10)

simplifies to ẇ = (βΠ̃− I)w. Now the eigenvalues of A are

λ1 = −1

λ2 = β − 1

λ3 = γ1β(π1
11 + π1

22 − 1)− 1

λ4 = γ2β(π2
11 + π2

22 − 1)− 1

I present the following two theorems. Theorem 5 and 6 provide the conditions under which

SSEs exist, and theorem 7 and 8 provide the conditions for these SSEs to be E-stable.

Appendix A.7 shows the proofs. Without losing generality, I assume γ1 ≥ γ2.

Theorem 5 If γ−1
2 ≥ |β| > γ−1

1 , there exist a continuum of SSE solutions

{(w11, w12, w21, w22) ∈ R4|π1
21w11 + π1

12w12 = 0, w21 = w22 = 0} (12)

for transition probabilities satisfy the resonant frequency condition π1
11 + π1

22 − 1 = (γ1β)−1.

Theorem 6 If |β| > γ−1
2 ,

1. there exist a continuum of SSE solutions,

{(w11, w12, w21, w22) ∈ R4|π1
21w11 + π1

12w12 = 0, π2
21w21 + π2

12w22 = 0} (13)

for transition probabilities satisfy the resonant frequency condition π1
11 + π1

22 − 1 =

(γ1β)−1 and π2
11 + π2

22 − 1 = (γ2β)−1.
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2. there exist a continuum of SSE solutions,

{(w11, w12, w21, w22) ∈ R4|π1
21w11 + π1

12w12 = 0, w21 = w22 = 0} (14)

for transition probabilities satisfy the resonant frequency condition π1
11 + π1

22 − 1 =

(γ1β)−1 and π2
11 + π2

22 − 1 6= (γ2β)−1.

3. there exist a continuum of SSE solutions,

{(w11, w12, w21, w22) ∈ R4|w11 = w12 = 0, π2
21w21 + π2

12w22 = 0} (15)

for transition probabilities satisfy the resonant frequency condition π1
11 + π1

22 − 1 6=
(γ1β)−1 and π2

11 + π2
22 − 1 = (γ2β)−1.

Theorem 7 The set of SSEs in Eq.(12) are E-stable if −γ−1
2 ≤ β < −γ−1

1 , and they are not

E-stable if γ−1
2 ≥ β > γ−1

1 .

Theorem 8 The set of SSEs in theorem 6 are E-stable if β < −γ−1
2 , and they are not

E-stable if β > γ−1
2 .

Note theorem 5-8 extend naturally with more than 2 types of agents by replacing the

assumption γ1 ≥ γ2 with γ1 ≥ γ2 · · · ≥ γN . I make a few comments about the existence

and stability results. First, stable sunspots can exist when agents coordinate on different

sunspots. Second, the existence region is smaller when agents coordinate on different

sunspots compared to a single sunspot. Combining theorem 12 and theorem 13, one obtains

the existence region is |β| > γ−1
1 which depends on the sunspot observed by the largest

population. Third, in the limit when there is only one type of SSE believers, i.e. γ1 = 1 or

γ2 = 1, the results reduce to match the previous literature.

3.2.2 Nonlinear case

Recall that F = H◦G : R→ R is three times continuously differentiable in a neighborhood

of ŷ with F ′(ŷ) 6= 0 and F ′′(ŷ) 6= 0. Theorem 9 and 10 provide the conditions under which

SSEs exist, and theorem 11 and 12 provide the conditions for these SSEs to be E-stable.

Appendix A.7 proves the following theorem for the nonlinear case. Again, without losing

generality, I let γ1 ≥ γ2.

Theorem 9 If γ−1
2 ≥ |F ′(ŷ)| > γ−1

1 , there exist an SSE (w11, w12, w21, w22) near (0, 0, 0, 0)

for transition probabilities satisfy the condition π1
11 + π1

22 − 1 < (γ1F
′(ŷ))−1.
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Theorem 10 If |β| > γ−1
2 , there exist an SSE (w11, w12, w21, w22) near (0, 0, 0, 0) for transition

probabilities satisfy either π1
11 +π1

22− 1 < (γ1F
′(ŷ))−1 or π2

11 +π2
22− 1 < (γ2F

′(ŷ))−1 or both.

Theorem 11 The set of SSEs in theorem 9 are E-stable if −γ−1
2 ≤ |F ′(ŷ)| < −γ−1

1 , and

they are not E-stable if γ−1
2 ≥ |F ′(ŷ)| > γ−1

1 .

Theorem 12 The set of SSEs in theorem 10 are E-stable if |F ′(ŷ)| < −γ−1
2 , and they are

not E-stable if β > γ−1
2 .

As shown in Appendix A.8, there are some extra technical difficulties in proving theorem

9-12 compared to the proof of theorem 3-4 for the case of SSE believers v.s. SS believers.

Specifically, one needs to set both eigenvalues λ3 and λ4 to be zero at the same time for the

bifurcation to arise. The proof of stability leads to a system of two differential equations

that are interdependent in order 3 or higher in the center manifold. I prove that the stability

result of the system only depends on the linear and quadratic parts of the function, and thus

the two differential equations can be analyzed separately.

Theorem 5-8 and theorem 9-12 extend to the case where there are N different sunspot

processes observed by agents. Note that the coefficient matrix of the differential equations

associated to E-stability would haveN eigenvalues γiβ(π2
11+π2

22−1)−1 where i ∈ {1, 2, · · · , N}.
It follows that there would be N serial correlation conditions, and if any one of the conditions

is satisfied, there exists a continuum of SSE solutions. Also, the resonant frequency condition

associated with a specific sunspot process depends on the proportion of the agents who

observe that sunspot variable. For the proof of stability in the nonlinear model, the bifurcation

would happen at N points instead of 2 points. The proof of stability would also lead to a

system of N differential equations that are still interdependent in order 3 or higher in the

center manifold.

4 Isomorphic versions

This section presents two other versions of the model which are isomorphically identical

to present the model specified in this paper. The first version reinterprets the proportion

weighted matrices in Eq.(5) and Eq.(11) as transition probability matrices. The second

version considers there are only one sunspot process but agents observe different partitions

of the state space.
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4.1 Transition Probability Matrix

This section shows that any E-stable SSE around the steady state is isomorphic to a

3SSE with only one type of SS believers. This is a direct observation that the matrices

specified by Eq.(5) and E.(11) are in fact transition probability matrices. To illustrate the

isomorphic relationship, I only consider the matrix Π̃ in Eq.(11). Consider an economy with

a representative agent who observes the only sunspot process s̃t which follows a finite state

Markov process with transition probability Π̃. Let the model still be the one specified in

Eq.(1). Define a stationary sunspot equilibrium which is a stochastic process yt, depending on

an exogenous three-state Markov process s̃t ∈ {1, 2, 3, 4} with transition probability matrix

Π̃ defined in the previous section. The SSE takes the form

yt =


ỹ1 if s̃t = 1

ỹ2 if s̃t = 2

ỹ3 if s̃t = 3

ỹ4 if s̃t = 4

Assume all agents believe in the sunspot and have perceived law of motion yt = αi where

i = s̃t. Let α = (α1, α2, α3, α4)′ and f = (F (α1), F (α2), F (α3), F (α4))′. The following

analysis is exactly the same as the previous section. Specifically, the differential equation in

Eq.(10) would still hold and the stability results would be the same for this isomorphically

identical environment.

4.2 Different Partition Observability

Another way to set the model up is to have a single four state Markov SSE with N types

of agent. Each agent type sees a partition of the K states. A special case would be that

each type recognizes a partition of the K states into 2 groups, effectively seeing a two state

Markov sunspot. In addition, the SS believers see the trivial partition of a single state.

5 An example: OLG model

This section provides a standard version of the Samuelson overlapping generations (OLG)

model of money that treats heterogeneous beliefs with care. There is a continuum of agents

who live two periods of time. Each agent supplies labor in their first period of life and

consumes in the second period. The only asset in the economy is money, and the money

aggregate supply M = 1, which is fixed over time. The utility maximization problem of
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agent ω is

max
nt(ω)

Eω,t U(ct+1(ω))− V (nt(ω))

subject to

pt+1ct+1(ω) = ptQt(ω)

Qt(ω) = nt(ω)

Each agent is small, and the market is competitive, and thus each agent takes the price pt

as given. The expectation operator is sub-scripted with ω which means that the expectation

is held specifically by agent ω. Assume functional forms

V (n) =
n1+ε

1 + ε

U(c) =
c1−σ − 1

1− σ

Define the following a new variable

yt = p
− ε+1
ε+σ

t

The temporary equilibrium (TE) can be computed as follows. Appendix A.9. shows the

derivation of the TE.

yt =

∫
ω

H(Eω
t G(yt+1))dω

where

H(y) = y
1

ε+σ

G(y) = y
(ε+σ)(1−σ)

ε+1

Define the compounded function

F (y) = H(G(y)) = yφ

where φ = (1 − σ)/(ε + 1). Note that now the model is in the same form as Eq.(1). I also

consider the linearized version of the model, where the linearization happens at the steady

state ŷ = 1. The linearized versions of functions H and G and the implied compounded
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function are written as

H̃(y) = 1 +
1

ε+ σ
(y − 1)

G̃(y) = 1 +
(ε+ σ)(1− σ)

ε+ 1
(y − 1)

F̃ (y) = 1 + φ(y − 1)

The linearized version of the model is only used for simulations to check the stability results

in a linear model.

5.1 Simulations

In this section, I present five sets of simulations of the OLG model summarized in table

1. The first four sets of simulations confirm the analytic results found in this paper, for

both linear and nonlinear cases. The last set of simulations show a general example where

there are 9 sunspot processes with SS believers and 9 groups of SSE believers. All of the

simulations are implemented with a small constant gain 0.05.

Table 1: Five Sets of Simulations

Configuration

No. SSE believers SS believers Linearization

I 1 1 Yes

II 1 1 No

III 2 0 Yes

IV 2 0 No

V 9 1 No

5.1.1 Simulation I

This set of simulations are shown in Fig.1. The model is linearized around the steady

state. Consider the simple case where there are SS believers and one type of SSE believers.

I make the following parameter choices for the first set of simulations. ε = 1 and σ = 11 so

that φ = (1 − σ)/(ε + 1) = −5. Also γ = 0.25. The transition probability matrix for the
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sunspot process is set with the following values

π11 = 0.15 + v

π22 = 0.05

I consider three different values for v

v− = −0.1

v0 = 0

v+ = 0.1

The values for ν are set so that when ν = 0, the knife-edged resonant frequency condition

γφ(π11 + π22 − 1)− 1 = 0 is satisfied. Initial values for belief coefficients α = (α11, α12, α2)

are set to be (1.001, 0.999, 1.001) which is different from but in the neighborhood of the

steady state. The left column and the right column are the evolution of belief components

αt and endogenous variable yt. In the left columns, the blue lines represent the evolution of

SSE believers estimates α11, α12, and the red line represents the evolution of SS believers

estimate α2. The first row shows the case where v < 0 or λ > 0, and there is an explosive

root, which means there are no E-stable solutions. The second row corresponds to the case

where the knife-edged resonant frequency condition is met, and the system converges to a

point in the continuum specified by (1 − π22)(α11 − 1) = −(1 − π11)(α12 − 1) and α2 = 1.

The third row shows the case where v > 0 or λ < 0, and the only E-stable solution is the

fundamental solution (1, 1, 1). The simulation matches the prediction by theorem 1.
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Figure 1: Linear model with SS believers and SSE believers
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Note: The first column shows the evolution for the belief components α = (α11, α12, α2),
which are located from top to bottom in each graph on the left hand side. Three rows of
simulations correspond to cases where v is v−, v0, and v+ respectively.

5.1.2 Simulation II

This set of simulations from the nonlinear model are shown in Fig.2. Parameter choices

are the same as simulation I. Three rows correspond to the case ν−, and ν− respectively.

Theorem 3 states that when v < 0, there exists an E-stable SSE, which matches the

simulation in the first row. Note that when the model is nonlinear the restriction on the

correlation of the sunspot process is no longer knife-edged. When v > 0, the only E-stable

solution is the steady state, and this is shown in the last two rows of simulations. Initial
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values for belief coefficients α = (α11, α12, α2) are set to be (1.01, 0.99, 1.01) which is

different from but in the neighborhood of the steady state. In the left columns, the blue

lines represent the evolution of α11, α12, and the red line represents the evolution of α2.

Figure 2: Nonlinear model with SS believers and SSE believers
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Note: The first column shows the evolution for the belief components α11, α12, α2, which
are from the top to bottom in each graph on the left hand side. Two rows of simulations
correspond to cases where v is v−, and v+ respectively.
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5.1.3 Simulation III

This set of simulations are shown in Fig.3 with two types of SSE believers: SSE-1 and

SSE-2. The model is linearized around the steady state. I make the following parameter

choices: ε = 1 and σ = 21 so that φ = −10. Also the proportion of SSE-1 and SSE-2 agents

are γ1 = 0.2, γ2 = 0.8. The transition probability matrix for the first sunspot process is

π1
11 = 0.25 + v1

π1
22 = 0.25

and for the other sunspot process is

π2
11 = 0.5 + v2

π2
22 = 0.375

Consider v+
j = 0.1 and v0

j = 0 for j = 1, 2. Consider four combinations (v0
1, v

0
2), (v0

1, v
+
2 ),

(v+
1 , v

0
2) and (v+

1 v+
2 ), which are shown in Fig.3 from top to bottom. Initial values for belief

coefficients α = (α11, α12, α21, α22) are set to be (1.005, 0.995, 1.01, 0.99). The blue lines and

red lines represent the belief components of SSE-1 and SSE-2 believers respectively. I ignore

the cases that involve vj < 0 because in these cases the dynamic is explosive according to

E-stability principle, a result that has been found in the previous literature. The stable SSE

are shown in the first three rows where at least one of ν’s is zero. When v1 > 0 and v2 > 0,

then the only E-stable solution is the fundamental solution. The simulation results match

theorem (5) and (6).

5.1.4 Simulation IV

This set of simulations from the nonlinear model are shown in Fig.2. Parameter choices

are the same as simulation III. Consider four cases: (v−1 , v
−
2 ), (v−1 , v

+
2 ), (v+

1 , v
−
2 ) and (v+

1 v
+
2 ),

which are shown in Fig.4 from top to bottom. Note that when v1 and v2 are both negative,

there exists an E-stable SSE of order 4. When only one of the v′s is negative, and the other

one is positive, there exists an E-stable of SSE of order 2. When neither v′s are negative,

the only E-stable solution is the fundamental solution.
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Figure 3: Linear model with SS believers and SSE believers
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Note: Four rows correspond to four combinations (v0
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1 , v
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2) and (v+
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respectively. The left column shows the evolution of beliefs α = (α11, α12, α21, α22) which are
shown from top to bottom in each graph on the left hand side.
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Figure 4: Nonlinear model with SSE1 believers and SSE2 believers
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respectively. The left column shows the evolution of beliefs α = (α11, α12, α21, α22) which are
shown from top to bottom in each graph on the left hand side.

5.1.5 Simulation V

This simulation is shown in Fig.5. This is a general case with SS believers and multiple

types of SSE believers in a nonlinear model. I make the following parameter choices: ε = 1

and σ = 41 so that φ = −20. Each group of agents (including the group of SS believers)

accounts for 10% of the population, i.e. γj = 0.1 for all j. The probability transition matrix
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for the sunspot processes Πj are set as follows

πj11 = 0.225 + 0.025 ∗ j + νj

πj22 = 0.525− 0.025 ∗ j

Note that theorem (9) and (10) predict that SSE-j agents learn that the economy evolve

according to the observed sunspot if νj < 0, and learn that the economy is at the steady

state if νj > 0. To confirm this prediction, I divide the 9 groups of SSE believers into two

categories. In the simulation, the first five groups of SSE believers have vj < −0.1 (blue

lines), and the last four groups of SSE believers have vj = 0.1 (red lines). The black line in

the middle represents the SS believer in the middle. I simulate 40, 000 periods. Note that

the orange beliefs are more centered towards the steady state compared to the blue beliefs.

Note that I replace the decreasing gain with a very small constant gain which is equal to

0.00015 here so that there is extra volatility introduced by constant gain learning.

Figure 5: Nonlinear model with SS believers and 9 types of SSE believers
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Note: The top graph shows the evolution of the agents’ beliefs. The blue lines correspond
to the groups of SSE believers with vj < 0, and the orange lines correspond to the groups of
SSE believers with vj > 0
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6 Selection Dynamics

This section adds model selection dynamics based on Branch and Evans (2006.) In

the environment I have previously considered, agents are divided into different groups of

“believers” based on the forecast models they use. I exogenously impose the proportion of

each group. In reality, agents may have a choice between a list of models and base their

selection on relative forecast performance. The advantage of adding the selection mechanism

is that now the model can endogenously divide agents into different groups. In the model

with SSE believers and SE believers, this experiment investigates whether agents will choose

the SSE rule, or SE rule, or both. Essentially, the selection mechanism pitch the sunspot

equilibrium believers against the steady-state believers to compete, which forecasting model

is more accurate in terms of forecasting the future state. In the model with SSE1 believers

and SSE2 believers, adding selection dynamics gives us an idea of whether only one of the

sunspots or both sunspots is used by agents to forecast the future states. The selection

dynamics are added to the same standard version of the Samuelson overlapping generations

(OLG) model of money that treats heterogeneous. Agents form real-time estimates formed

via recursive least squares (RLS) and choose which forecasting rule based on unconditional

mean squared errors for variable y. There is dual learning as agents recursively update

the parameters of their forecasting model and evolve their predictor choice according to a

dynamic predictor selection mechanism. Predictor proportions are updated according to the

discrete choice probabilities. The fitness based on mean square errors of the two predictors

j = 1, 2 are estimated by

Φ̂j,t = Φ̂j,t−1 + δt(−(yt − Êj,t−1yt)
2 − Φ̂j,t−1)

where 0 < δt < 1. The mean squared errors map into predictor proportions according to the

law of motion

γj,t =
exp

[
ξΦ̂j,t

]
∑2

k=1 exp
[
ξΦ̂k,t

]
I am interested in whether the proportion converges to some level. I illustrate numerically

that sunspot equilibrium can be stable when the predictor proportion is determined endogenously

under real-time learning. I make the following parameter choices for the first set of simulations.

ε = 1 and σ = 11 so that φ = (1 − σ)/(ε + 1) = −5. The transition probability matrix for

the sunspot process is set with the following values π11 = 0.15 and π22 = 0.05. I initialize

the proportion of agents that use the forecasting rule based on the sunspot equilibrium to be
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0. I initialize (α11, α12, α2) = (1.2, 0.8, 1). This initialization means that not only all agents

use the steady-state forecasting rule but also they start with the correct the estimate. The

proportion parameter is held constant until the 1000th period. The simulation is 20, 000

periods. Figure 1 shows the simulation with a large intensity parameter ξ = 400. Also

δ = 0.001. Note that the simulation converges to a state where all agents use the forecasting

rule based on the sunspot, and the sunspot forecasting rule is consistently better than the

steady-state rule. The intuition for this is that the threshold for the sunspot equilibrium to

be stable is γ = 0.25. When the proportion starts to change at period 1000, it jumped from

0 to around 0.4, which surpasses the threshold for the sunspot equilibrium to be stable. The

reason for the proportion to be around 0.4 is that the fitness measured based on the SSE

rule and SS rule are −0.001 and 0.
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Figure 6: Simulation I

The reason why a large proportion of agents start using SSE rule is that the intensity

parameter is set to be a relatively small number. A large percentage of agents would still use

SSE when SSE is inferior. One reason is that when all agents are forced to use SS forecasting

rule, both of the estimates for SSE parameters will converge to 1. One way to avoid this

problem is to set initial estimates for the SSE forecasting rule very wrong. In this case, the

fitness based on the SSE is much more inferior to SS. Figure 2 shows the fitness plots when

30



the initial estimates are 1) 1.2 and 0.8 and 2) 2.0 and 0.1. The fitness is plotted as follows:
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Figure 7: Fitness with Different Initial Beliefs

When I switched the initial estimates to the second case, the jump in the proportion of

agents is less stark. The simulation-based on the second initialization is given in figure 3. As

shown, the percentage of agents that use SSE still converges to 1. when the initial jump at

period 1000 is trivial: from 0 to 0.000001 which is much lower than the threshold for the SSE

to be stable. A key observation here is that the SSE forecast model nests the SS model. The

intuition is also straight forward - the nesting model can perform as good as the nested model

even when the economy is around the steady state. As long as the intensity parameter is not

infinity, half of the agents will start to use the SSE model as demonstrated around t = 5000

in Simulation II. As long as 0.5 is larger than the threshold implied by the model calibration,

SSE model will start to become the stable equilibrium under learning. Eventually all agents

will use the SSE model. Recall the calibration used in the simulation implies the threshold

is 0.25. What happens if the calibration is changed so that the threshold is larger than 0.5.
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Figure 8: Simulation II

I run the following simulation to demonstrate this scenario. The simulation is based on

the a similar calibration except that now I change σ from 11 to 13
3

. Now the new proportion

threshold for the SSE to be stable is 0.75. As the simulation shows, since the threshold for

the SSE solution to be stable is higher now, the SSE believers eventually learn the steady

state.
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Figure 9: Simulation III

Finally, I construct a mapping similar to Branch and Evans (2006) to show the result

analytically. In the nonlinear model, SS and SSE agents form the following predictors

7 Conclusion

Self-fulling outcomes of pessimism or optimism have significant macroeconomic implications.

The studies of sunspot equilibria try to formalize this important phenomenon. One criticism

of SSE literature is that self-fulling solutions are a highly coordinated outcome which is

unlikely to rise in the real world. The literature on the existence and stability of sunspot

equilibria has always assumed there is a representative agent and fail to provide a robustness

check that sunspot equilibria can exist when agents coordinate on different extrinsic information

sets. This paper presents a direct response to this criticism. I show that the economy can

evolve according to a set of sunspots even if only a proportion of the agents participate in the

coordination, and they do not need to all coordinate on the same sunspot process. Besides,

I provide the necessary and sufficient conditions under which SSE exist and are stable under

learning.
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On the other hand, I find that the parameter space for SSE to exist is smaller in a

model with belief heterogeneity than a preventative-agent model. The stability region for

these SSEs also shrinks accordingly. These findings have important implications. For the

RBC-type models studied by Farmer and Guo (1994) that explain business cycle co-movements

with SSE, this paper suggests that the existence region could be smaller than what has been

found, and the stability could be harder to come by. An open question is whether SSEs would

still arise in calibrated non-convex RBC models such as the two-sector model in Benhabib

and Farmer (1996) and the model with non-separable utilities in Bennett and Farmer (1999).

For the New Keynesian literature that warns of the dangers of sunspot equilibria from a

poorly-designed monetary policy, this paper suggests that the “safe region” where SSEs do

not arise can be larger than what has been previously thought. The literature so far suggests

the interest rule be such that the model has a slope of more than −1, so SSEs are not stable

under learning. This paper finds that the threshold might be much lower than −1 if we are

willing to assume that some agents do not observe any sunspots in the first place or that

agents observe different sunspots.

This paper is the first to study indeterminacy when agents are heterogeneous in beliefs.

The recent development in macroeconomics modeling has witnessed a shift from representative

agent framework to one that carefully treats agent-level heterogeneity, especially income/wealth

heterogeneity in models featuring incomplete markets. See Mckay et al. (2016), Kaplan et

al. (2018), and Bhandari et al. (2019.) One recommendation for future research is to study

indeterminacy under interactions between income heterogeneity and belief heterogeneity.
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Appendix

A.1. SS v.s. SSE: derivation of the projected ALM

SS believers and SSE believers form expectations based on their PLMs as follows.

Ê1
tG(yt+1) =

{
π11G(α11) + π12G(α12) if st = 1

π21G(α11) + π22G(α12) if st = 2

Ê2
tG(yt+1) = G(α2)

Combining the expectations and Eq.(1), one obtains the ALM. Recall F (·) = H(G(·))

yt =

{
γH(π11G(α11) + π12G(α12)) + (1− γ)F (α2) if st = 1

γH(π21G(α11) + π22G(α12)) + (1− γ)F (α2) if st = 2

The SS believers do not observe the sunspot process and therefore regard the deviation from

the steady state as white noise. Solving Πp̄ = p̄. for p̄ = (p̄1, p̄2)′, the stationary distribution

of the sunspot process, one obtains p̄1 = π21/(π21 + π12) and p̄2 = π12/(π21 + π12) From the

SS believers perspective, they see yt evolves around the steady state as follows.

T2(α2) =p̄1(γH(π11G(α11) + π12G(α12)) + (1− γ)F (α2)) +

p̄2(γH(π21G(α11) + π22G(α12)) + (1− γ)F (α2))

For the SSE believers, the ALM matches their PLM, and therefore no projection is needed.

One derives the projected ALM as

T

 α11

α12

α2

 =

 γH(π11G(α11) + π12G(α12)) + (1− γ)F (α2)

γH(π21G(α11) + π22G(α12)) + (1− γ)F (α2)

γ(p̄1H(π11G(α11) + π12G(α12)) + p̄2H(π21G(α11) + π22G(α12)) + (1− γ)F (α2)


A.2. SS v.s. SSE: linearization of Eq.(3) at the steady state

Let wi = αi − ŷ and ẇi = dwi/dτ , and Ψi(w11, w12, w2) are the nonlinear part. Note

F ′(ŷ) = H ′(G(ŷ))G′(ŷ). ẇ11

ẇ12

ẇ2

 =

 γπ11F
′(ŷ)w11 + γπ12F

′(ŷ)w12 + (1− γ)F ′(ŷ)w2 − w11

γπ21F
′(ŷ)w11 + γπ22F

′(ŷ)w12 + (1− γ)F ′(ŷ)w2 − w12

γp̄1F
′(ŷ)w11 + γp̄2F

′(ŷ)w12 + (1− γ)F ′(ŷ)w2 − w2

+

 Ψ11(w11, w12, w2)

Ψ12(w11, w12, w2)

Ψ2(w11, w12, w2)
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The linear part can be written as γπ11F
′(ŷ)w11 + γπ12F

′(ŷ)w12 + (1− γ)F ′(ŷ)w2 − w11

γπ21F
′(ŷ)w11 + γπ22F

′(ŷ)w12 + (1− γ)F ′(ŷ)w2 − w12

γp̄1F
′(ŷ)w11 + γp̄2F

′(ŷ)w12 + (1− γ)F ′(ŷ)w2 − w2

 =

F ′(ŷ)

 γπ11 γπ12 (1− γ)

γπ21 γπ22 (1− γ)

γp̄1 γp̄2 (1− γ)

− I

 w11

w12

w2


The linearized system at the steady state takes the following form ẇ11

ẇ12

ẇ2

 = (F ′(ŷ)Π̃− I)

 w11

w12

w2

+

 Ψ11(w11, w12, w2)

Ψ12(w11, w12, w2)

Ψ2(w11, w12, w2)


where

Π̃ =

 γπ11 γπ12 (1− γ)

γπ21 γπ22 (1− γ)

γp̄1 γp̄2 (1− γ)


A.3. Proof of Theorem 1-2.

If |β| > (γ)−1, then (γβ)−1 ∈ (−1, 1), then there exist (πij) such that π11 + π22 =

(γβ)−1 + 1 ∈ (0, 2) which implies λ3 = 0, and A is not full rank. The model has a SSE

solution only if matrix A is not full rank, and there exist a continuum of SSE solutions

which are characterized by Aw̄ = 0.

If β < −(γ)−1 then both λ1 = 0 and λ2 = β − 1 are negative. If the Markov sunspot

process satisfies restriction π11 + π22 − 1 = (γβ)−1, then λ3 = γβ(π11 + π22 − 1) − 1 = 0.

There exist a continuum of SSE solutions which are characterized by Aw̄ = 0, which implies

(γβπ11 − 1)w̄11 + γβ(1− π11)w̄12 + (1− γ)βw̄2 = 0

γβ(1− π22)w̄11 + (γβπ22 − 1)w̄12 + (1− γ)βw̄2 = 0

These two equations can simply to (1 − π22)w̄11 + (1 − π11)w̄12 = 0 and w̄2 = 0, which

locates the one-dimensional continuum. The continuum of SSE solutions are E-stable under

learning.
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A.4. Proof of Theorem 3-4.

Define the following variables for bifurcation.

π̄11 = 1 + (γF ′(ŷ))−1 − π22

v = π11 − π̄11

System Eq.(4) is now written as

ẇ11 = γ(π̄11 + v)F (ŷ + w11) + γ(1− π̄11 − v)F (ŷ + w12) + (1− γ)F (ŷ + w2)− w11 − ŷ

ẇ12 = γ(1− π22)F (ŷ + w11) + γπ22F (ŷ + w12) + (1− γ)F (ŷ + w2)− w12 − ŷ

ẇ2 =
γ(1− π22)

1− (γF ′(ŷ))−1 + v
F (ŷ + w11) +

γ(1− π̄11 − v)

1− (γF ′(ŷ))−1 + v
F (ŷ + w12) + (1− γ)F (ŷ + w2)− w2 − ŷ

At w11 = w22 = w2 = v = 0, the coefficient matrix of the linear part is A = F ′(ŷ)Π̃ − I,

whose eigenvalues are −1, F ′− 1 and 0 where F ′ = F ′(ŷ). The diagonalization of A is given

by

A = Q

 −1 0 0

0 F ′ − 1 0

0 0 0

Q−1, where Q =

 b 1 a

b 1 1

1 1 0


with a = 1−π22(γF ′)

(1−π22)(γF ′)
, and b = 1 − γ−1. Let qij denote the elements of Q−1. Define new

variables xi as follows  x11

x12

x2

 = Q−1

 w11

w12

w2


This transformation implies w11 = bx11 +x12 +ax2, w12 = bx11 +x12 +x2, and w2 = x11 +x12.

One obtains ẋi = Gi(x11, x12, x2, v) for i ∈ {11, 12, 2} where

Gi(x11, x12, x2, v)

=qi1 [γ(π̄11 + v)F (ŷ + w11) + γ(1− π̄11 − v)F (ŷ + w12) + (1− γ)F (ŷ + w2)− w11 − ŷ]

+qi2 [γ(1− π22)F (ŷ + w11) + γπ22F (ŷ + w12) + (1− γ)F (ŷ + w2)− w12 − ŷ]

+qi3
[

γ(1− π22)

1− (γF ′(ŷ))−1 + v
F (ŷ + w11) +

γ(1− π̄11 − v)

1− (γF ′(ŷ))−1 + v
F (ŷ + w12) + (1− γ)F (ŷ + w2)− w2 − ŷ

]
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Apply the transformation for wi, we have

Gi(x11, x12, x2, v)

=qi1[γ(π̄11 + v)F (ŷ + bx11 + x12 + ax2) + γ(1− π̄11 − v)F (ŷ + bx11 + x12 + x2)+

(1− γ)F (ŷ + x11 + x12)− (bx11 + x12 + ax2)− ŷ]

+qi2[γ(1− π22)F (ŷ + bx11 + x12 + ax2) + γπ22F (ŷ + bx11 + x12 + x2)+

(1− γ)F (ŷ + x11 + x12)− (bx11 + x12 + x2)− ŷ]

+qi3
[

γ(1− π22)

1− (γF ′(ŷ))−1 + v
F (ŷ + bx11 + x12 + ax2) +

γ(1− π̄11 − v)

1− (γF ′(ŷ))−1 + v
F (ŷ + bx11 + x12 + x2)+

(1− γ)F (ŷ + x11 + x12)− (x11 + x12)− ŷ]

Augmenting this system with v̇ = 0 leads to a four-dimensional system for which the

equations for ẋ2 and v̇ have zero linear parts and the equation for ẋ11 and ẋ12 have linear

parts −x11 and (F ′ − 1)x12 which are obviously stable. We now use the center manifold

theory. In particular, the system has an invariant center manifold which can be represented

by a three times continuously differentiable function x11 = h11(x2, v) and x12 = h12(x2, v)

with hi(0, 0) = 0 and Dhi(0, 0) = 0 for i ∈ {11, 12}. Local stability of the system is governed

by local stability of the “projected system”,

ẋ2 = G2(h11(x2, v), h12(x2, v), x2, v)

v̇ = 0

The second-order expansions are

F (ŷ + bx11 + x12 + ax2)=̇F (ŷ) + F ′bx11 + F ′x12 + F ′ax2+

1

2
F ′′(b2x2

11 + x2
12 + a2x2

2 + 2bx11x12 + 2abx11x2 + 2ax12x2)

F (ŷ + bx11 + x12 + x2)=̇F (ŷ) + F ′bx11 + F ′x12 + F ′x2+

1

2
F ′′(b2x2

11 + x2
12 + x2

2 + 2bx11x12 + 2bx11x2 + 2x12x2)

F (ŷ + x11 + x12)=̇F (ŷ) + F ′x11 + F ′x12 +
1

2
F ′′(x2

11 + x2
12 + 2x11x12)

h11(x2, v) = c11x
2
2 + d11x2v + f11v

2 +O11(||(x2, v)||3)

h12(x2, v) = c12x
2
2 + d12x2v + f12v

2 +O12(||(x2, v)||3)

where F ′′ = F ′′(ŷ) and =̇ denotes equality up to O(||(x11, x12, x2)||3). Also, note that

q31 = (a − 1)−1, q32 = (1 − a)−1, and q33 = 0. It follows that on the center manifold the
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differential equation for x2 can be written as

ẋ2 = γF ′vx2 +
1

2

F ′′

F ′
(1 + a)x2

2 +O(||(x2, v)||3) (16)

For the purpose of the theorem we are at liberty to choose π22 so that a 6= −1 which we now

assume. The bifurcation occurs at v = 0. It follows that E-stable SSEs exist for v < 0. If

v > 0 the SSEs are not E-stable and learning instead converges to the fundamental solution.

It is evident that the system exhibits a transcritical bifurcation at v = 0. The 2SSEs are

defined by the equations x̄11 = 0, x̄12 = 0, and x̄2 = − 2γ(F ′)2

F ′′(1+a)
v. In terms of the original

variables, w̄11 = ax̄2, w̄12 = x̄2, and w̄2 = 0.

A.5. SSE1 v.s. SSE2: derivation of the T-map

SSE1 believers and SSE2 believers form expectations based on their PLMs as follows.

Êj
tG(yt+1) =

{
πj11G(αj1) + πj12G(αj2) if sjt = 1

πj21G(αj1) + πj22G(αj2) if sjt = 2

for j ∈ {1, 2}. Combining the expectations and Eq.(1), one obtains the ALM. Recall F (·) =

H(G(·))

yt =


γ1H(π1

11G(α11) + π1
12G(α12)) + γ2H(π2

11G(α21) + π2
12G(α22)) if (s1

t , s
2
t ) = (1, 1)

γ1H(π1
11G(α11) + π1

12G(α12)) + γ2H(π2
21G(α21) + π2

22G(α22)) if (s1
t , s

2
t ) = (1, 2)

γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
11G(α21) + π2

12G(α22)) if (s1
t , s

2
t ) = (2, 1)

γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
21G(α21) + π2

22G(α22)) if (s1
t , s

2
t ) = (2, 2)

SSE1 believers and SSE2 believers do not observe each other’s sunspot process. The stationary
distributions of sunspot processes Πj are (p̄j1, p̄

j
2) where p̄j1 = πj21/(π

j
21 + πj12) and p̄j2 =

πj12/(π
j
21 + πj12). From the SSE1 believers’ perspective, they see yt evolves according to s1

t as
follows.

yt =

{
γ1H(π1

11G(α11) + π1
12G(α12)) + p̄21γ2H(π2

11G(α21) + π2
12G(α22)) + p̄22γ2H(π2

21G(α21) + π2
22G(α22)) if s1t = 1

γ1H(π1
21G(α11) + π1

22G(α12)) + p̄21γ2H(π2
11G(α21) + π2

12G(α22)) + p̄22γ2H(π2
21G(α21) + π2

22G(α22)) if s1t = 1

From the SSE2 believers’ perspective, they see yt evolves according to s2
t as follows.

yt =

{
p̄11γ1H(π1

11G(α11) + π1
12G(α12)) + p̄12γ1H(π1

21G(α11) + π1
22G(α12)) + γ2H(π2

11G(α21) + π2
12G(α22)) if s2t = 1

p̄11γ1H(π1
11G(α11) + π1

12G(α12)) + p̄12γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
21G(α21) + π2

22G(α22)) if s2t = 2
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The T-map from the PLMs to the projected ALM is written as

T


α11

α12

α21

α22

 =


γ1H(π1

11G(α11) + π1
12G(α12)) + p̄21γ2H(π2

11G(α21) + π2
12G(α22)) + p̄22γ2H(π2

21G(α21) + π2
22G(α22))

γ1H(π1
21G(α11) + π1

22G(α12)) + p̄21γ2H(π2
11G(α21) + π2

12G(α22)) + p̄22γ2H(π2
21G(α21) + π2

22G(α22))

p̄11γ1H(π1
11G(α11) + π1

12G(α12)) + p̄12γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
11G(α21) + π2

12G(α22))

p̄11γ1H(π1
11G(α11) + π1

12G(α12)) + p̄12γ1H(π1
21G(α11) + π1

22G(α12)) + γ2H(π2
21G(α21) + π2

22G(α22))



A.6. SSE1 v.s. SSE2: linearization of Eq.(9) at the steady state

Let wi = αi− ŷ and ẇi = dwi/dτ , and Ψi(w11, w12, w21, w22) are the nonlinear part. Note
F ′(ŷ) = H ′(G(ŷ))G′(ŷ).

ẇ11

ẇ12

ẇ21

ẇ22

 =


γ1π

1
11F

′(ŷ)w11 + γ1π
1
12F

′(ŷ)w12 + γ2(p̄21π
2
11 + p̄22π

2
21)F ′(ŷ)w21 + γ2(p̄21π

2
12 + p̄22π

2
22)F ′(ŷ)w22 − w11

γ1π
1
21F

′(ŷ)w11 + γ1π
1
22F

′(ŷ)w12 + γ2(p̄21π
2
11 + p̄22π

2
21)F ′(ŷ)w21 + γ2(p̄21π

2
12 + p̄22π

2
22)F ′(ŷ)w22 − w12

γ1(p̄11π
1
11 + p̄12π

1
21)F ′(ŷ)w11 + γ1(p̄11π

1
12 + p̄12π

1
22)F ′(ŷ)w12 + γ2π

2
11F

′(ŷ)w21 + γ2π
2
12F

′(ŷ)w22 − w21

γ1(p̄11π
1
11 + p̄12π

1
21)F ′(ŷ)w11 + γ1(p̄11π

1
12 + p̄12π

1
22)F ′(ŷ)w12 + γ2π

2
21F

′(ŷ)w21 + γ2π
2
22F

′(ŷ)w22 − w22

+ Ψ

where the nonlinear part is

Ψ =


Ψ11(w11, w12, w21, w22)

Ψ12(w11, w12, w21, w22)

Ψ21(w11, w12, w21, w22)

Ψ22(w11, w12, w21, w22)


and the linear part can be written asF ′(ŷ)


γ1π

1
11 γ1π

1
12 γ2p̄

2
1 γ2p̄

2
2

γ1π
1
21 γ1π

1
22 γ2p̄

2
1 γ2p̄

2
2

γ1p̄
1
1 γ1p̄

1
2 γ2π

2
11 γ2π

2
12

γ1p̄
1
1 γ1p̄

1
2 γ2π

2
21 γ2π

2
22

− I



w11

w12

w21

w22


The linearized system at the steady state takes the following form

ẇ11

ẇ12

ẇ21

ẇ22

 = (F ′(ŷ)Π̃− I)


w11

w12

w21

w22

+ Ψ
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where

Π̃ =


γ1π

1
11 γ1π

1
12 γ2p̄

2
1 γ2p̄

2
2

γ1π
1
21 γ1π

1
22 γ2p̄

2
1 γ2p̄

2
2

γ1p̄
1
1 γ1p̄

1
2 γ2π

2
11 γ2π

2
12

γ1p̄
1
1 γ1p̄

1
2 γ2π

2
21 γ2π

2
22


A.7. Proof of Theorem 5-8.

Throughout this proof, I assume 0 < γ1 < γ2 < 1 without losing generality, and therefore

−γ−1
1 < −γ−1

2 < −1.

If |β| > (max(γ1, γ2))−1 = γ−1
2 , then (γ2β)−1 ∈ (−1, 1). There exist (π2

ij) such that

π2
11 + π2

22 = (γ2β)−1 + 1 ∈ (0, 2) which implies eigenvalue λ4 = 0. Note that A is not a

full-rank matrix, and therefore the model has a SSE solution, and there exist a continuum

of SSE solutions which are characterized by Aw̄ = 0.

If β < −(max(γ1, γ2))−1 = −γ−1
2 then both λ1 = 0 and λ2 = β−1 are negative. Consider

the following two cases

1. −γ−1
1 < β < −γ−1

2 . Note that λ3 = γ1β(π1
11 + π1

22 − 1)− 1 < 0. If the Markov sunspot

process satisfies restriction π2
11 +π2

22−1 = (γ2β)−1, then λ4 = γβ(π11 +π22−1)−1 = 0.

There exist a continuum of E-stable SSE solutions which are characterized by Aw̄ = 0

which locate the continuum with restrictions w̄11 = w̄12 = 0 and (1 − π2
22)w̄21 + (1 −

π2
21)w̄12 = 0.

2. β < −γ−1
1 < −γ−1

2 . If only one of the resonant frequency conditions πj11 + πj22 −
1 = (γjβ)−1 and the other sunspot process has serial correlation π−j11 + π−j22 − 1 >

(γ−jβ)−1, then lambdaj+2 = 0 and λ−j+2 < 0. There exist a continuum of E-stable

SSE solutions which are characterized by Aw̄ = 0 which locate the continuum with

restrictions (1 − πj22)w̄j1 + (1 − πjj1)w̄j2 = 0 and w̄−j1 = w̄−j2 = 0.If both resonant

frequency conditions are satisfied then λ3 = λ4 = 0. There exist a continuum of

E-stable SSE solutions which are characterized by Aw̄ = 0 which locate the continuum

with restrictions (1− π1
22)w̄11 + (1− π1

21)w̄12 = 0 and (1− π2
22)w̄21 + (1− π2

21)w̄12 = 0.

A.8. Proof of Theorem 9-12.

Throughout this proof, I assume 0 < γ1 < γ2 < 1 without losing generality, and therefore

−γ−1
1 < −γ−1

2 < −1. If F ′ < −(max(γ1, γ2))−1 = −γ−1
2 then both λ1 = 0 and λ2 = F ′ − 1

are negative. Let F ′ = F ′(ŷ). First, consider the case where −γ−1
1 < F ′ < −γ−1

2 . Note that
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λ3 = γ1F
′(π1

11 + π1
22 − 1)− 1 < 0. Define the following variables for bifurcation.

π̄2
11 = 1 + (γ2F

′(ŷ))−1 − π2
22

v2 = π2
11 − π̄2

11

The following analysis is similar to the proof shown in Appendix A.4. Note that the

differential equations for the transformed variables x11, x12, and x21 would have stable

linear parts −x11, (F ′ − 1)x12 and (γ1F
′(π1

11 + π̄1
22 − 1) − 1)x21. The bifurcation occurs

at v2 = 0. It follows that E-stable SSEs exist for v2 < 0. If v2 > 0 the SSEs are not

E-stable and learning instead converges to the fundamental solution. v2 < 0 corresponds to

π2
11 + π2

11 − 1 < (γ2F
′(ŷ))−1.

Now assume F ′ < −γ−1
1 < −γ−1

2 . If only one of the sunspot processes satisfies πj11 +πj22−1 <

(γjβ)−1 and the other sunspot process has serial correlation π−j11 + π−j22 − 1 > (γ−jβ)−1, one

can define the following variables for bifurcation.

π̄j11 = 1 + (γjF
′(ŷ))−1 − πj22

vj = πj11 − π̄
j
11

This case is also similar to the analysis shown in Appendix A.4. The bifurcation occurs at

vj = 0. It follows that E-stable SSEs exist for vj < 0. If both sunspot processes satisfies

πj11 + πj22 − 1 < (γjβ)−1, one can define the following variables for bifurcation.

π̄1
11 = 1 + (γ1F

′(ŷ))−1 − π1
22 and v1 = π1

11 − π̄1
11

π̄2
11 = 1 + (γ2F

′(ŷ))−1 − π2
22 and v2 = π2

11 − π̄2
11

System Eq.(10) is now written as

ẇ11 = γ1(π̄1
11 + v1)F (ŷ + w11) + γ1(1− π̄1

11 − v1)F (ŷ + w12)+

γ2(1− π2
22)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + w21) +
γ2(1− π̄2

11 − v2)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + w22)− w11 − ŷ

ẇ12 = γ1(1− π1
22)F (ŷ + w11) + γ1π

1
22F (ŷ + w12)+

γ2(1− π2
22)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + w21) +
γ2(1− π̄2

11 − v2)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + w22)− w12 − ŷ
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ẇ21 =
γ1(1− π1

22)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + w11) +
γ1(1− π̄1

11 − v1)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + w12)+

γ2(π̄2
11 + v2)F (ŷ + w21) + γ2(1− π̄2

11 − v2)F (ŷ + w22)− w22 − ŷ

ẇ22 =
γ1(1− π1

22)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + w11) +
γ1(1− π̄1

11 − v1)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + w12)+

γ2(1− π2
22)F (ŷ + w21) + γ2π

2
22F (ŷ + w22)− w22 − ŷ

At w11 = w12 = w21 = w22 = v1 = v2 = 0, the coefficient matrix of the linear part is

A = F ′(ŷ)Π̃ − I, whose eigenvalues are −1, F ′ − 1, 0, and 0 where F ′ = F ′(ŷ). The

diagonalization of A is given by

A = Q


−1 0 0 0

0 F ′ − 1 0 0

0 0 0 0

0 0 0 0

Q−1, where Q =


b 1 a1 0

b 1 1 0

1 1 0 a2

1 1 0 1


with aj =

1−πj22(γjF
′)

(1−πj22)(γjF ′)
and b = −γ2/γ1. Let qij denote the elements of Q−1. Define new

variables xi as (x11, x12, x21, x22)′ = Q−1(w11, w12, w21, w22)′. This transformation implies

w11 = bx11 + x12 + a1x21

w12 = bx11 + x12 + x21

w21 = x11 + x12 + a2x22

w22 = x11 + x12 + x22

One obtains ẋi = Gi(x11, x12, x21, x22, v1, v2) as follows for i ∈ {11, 12, 21, 22}

Gi(x11, x12, x21, x22, v1, v2) = qi1ẇ11 + qi2ẇ12 + qi3ẇ21 + qi4ẇ22
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Apply the transformation for wi, we have

Gi(x11, x12, x21, x22, v1, v2)

=qi1[γ1(π̄1
11 + v1)F (ŷ + bx11 + x12 + a1x21) + γ1(1− π̄11 − v1)F (ŷ + bx11 + x12 + x21)+

γ2(1− π2
22)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + x11 + x12 + a2x22) +
γ2(1− π̄2

11 − v2)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + x11 + x12 + a2x22)

− (bx11 + x12 + a1x21)− ŷ]

+qi2[γ1(1− π1
22)F (ŷ + bx11 + x12 + a1x21) + γ1π

1
22F (ŷ + bx11 + x12 + x21)+

γ2(1− π2
22)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + x11 + x12 + a2x22) +
γ2(1− π̄2

11 − v2)

1− (γ2F ′(ŷ))−1 + v2

F (ŷ + x11 + x12 + a2x22)

− (bx11 + x12 + x21)− ŷ]

+qi3[
γ1(1− π1

22)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + bx11 + x12 + a1x21) +
γ1(1− π̄1

11 − v1)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + bx11 + x12 + x21)+

γ2(π̄2
11 + v2)F (ŷ + x11 + x12 + a2x22) + γ2(1− π̄2

11 − v2)F (ŷ + x11 + x12 + x22)

− (x11 + x12 + a2x22)− ŷ]

+qi4[
γ1(1− π1

22)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + bx11 + x12 + a1x21) +
γ1(1− π̄1

11 − v1)

1− (γ1F ′(ŷ))−1 + v1

F (ŷ + bx11 + x12 + x21)+

γ2(1− π2
22)F (ŷ + x11 + x12 + a2x22) + γ2π

2
22F (ŷ + x11 + x12 + x22)

− (x11 + x12 + x22)− ŷ]

Augmenting this system with v̇1 = 0 and v̇2 = 0 leads to a six-dimensional system for which

the equations for ẋ21, ẋ22, v̇1, v̇2 have zero linear parts and the equation for ẋ11 and ẋ12

have linear parts −x11 and (F ′ − 1)x12 which are obviously stable. We now use the center

manifold theory. In particular, the system has an invariant center manifold which can be

represented by a three times continuously differentiable function x11 = h11(x21, x22, v1, v2)

and x12 = h12(x21, x22, v1, v2) with hi(0, 0, 0, 0) = 0 and Dhi(0, 0, 0, 0) = 0 for i ∈ {11, 12}.
Local stability of the system is governed by local stability of the “projected system”,

ẋ21 = G21(h11(x21, x22, v1, v2), h12(x21, x22, v1, v2), x21, x22, v)

ẋ22 = G22(h11(x21, x22, v1, v2), h12(x21, x22, v1, v2), x21, x22, v)

v̇1 = 0 and v̇2 = 0
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The second-order expansions are

F (ŷ + bx11 + x12 + a1x21)=̇F (ŷ) + F ′bx11 + F ′x12 + F ′a1x21+

1

2
F ′′(b2x2

11 + x2
12 + a2

1x
2
21 + 2bx11x12 + 2a1bx11x21 + 2a1x12x21)

F (ŷ + bx11 + x12 + x21)=̇F (ŷ) + F ′bx11 + F ′x12 + F ′x21+

1

2
F ′′(b2x2

11 + x2
12 + x2

21 + 2bx11x12 + 2bx11x21 + 2x12x21)

F (ŷ + x11 + x12 + a2x22)=̇F (ŷ) + F ′x11 + F ′x12 + F ′a2x22+

1

2
F ′′(x2

11 + x2
12 + a2

2x
2
22 + 2x11x12 + 2a2bx11x22 + 2a2x12x22)

F (ŷ + x11 + x12 + x22)=̇F (ŷ) + F ′x11 + F ′x12 + F ′x22+

1

2
F ′′(x2

11 + x2
12 + x2

22 + 2x11x12 + 2x11x22 + 2x12x22)

h11(x21, x22, v1, v2) = c11x
2
21 + d11x

2
22 + f 1

11v
2
1 + f 2

11v
2
2+

g1
11x21v1 +m1

11x22v1 + g2
11x21v2 +m2

11x22v2 + r11x21x22 + s11v1v2+

O11(||(x21, x22, v1, v2)||3)

h12(x21, x22, v1, v2) = c12x
2
21 + d12x

2
22 + f 1

12v
2
1 + f 2

12v
2
2+

g1
12x21v1 +m1

12x22v1 + g2
12x21v2 +m2

12x22v2 + r12x21x22 + s12v1v2+

O12(||(x21, x22, v1, v2)||3)

where F ′′ = F ′′(ŷ) and =̇ denotes equality up to O(||(x11, x12, x21, x22)||3). Also, note that

q31 = (a1 − 1)−1, q32 = (1 − a1)−1, q33 = 0, q34 = 0, and q41 = 0, q42 = 0, q43 = (a2 − 1)−1,

q44 = (1− a2)−1. It follows that on the center manifold the differential equation for x21 and

x22 are as follows

ẋ21 = γ1F
′v1x21 +

1

2

F ′′

F ′
(1 + a1)x2

21 +O(||(x21, x22, v1, v2)||3)

ẋ22 = γ2F
′v2x22 +

1

2

F ′′

F ′
(1 + a2)x2

22 +O(||(x21, x22, v1, v2)||3)

For the purpose of the theorem we are at liberty to choose π1
22 and π2

22 so that a1 6= −1 and

a2 6= −1 which we now assume. Notice that the differential equations for ẋ21 and ẋ22 are

in fact decoupled in the linear and quadratic part and only higher-order parts are coupled.

It is evident that the two systems exhibit a transcritical bifurcation at v1 = 0 and v2 = 0

respectively. It follows that E-stable SSEs exist for v1 < 0 and v2 < 0. The 2SSEs are

defined by the equations x̄11 = 0, x̄12 = 0, x̄21 = − 2γ1(F ′)2

F ′′(1+a1)
v1, and x̄22 = − 2γ2(F ′)2

F ′′(1+a2)
v2. In

terms of the original variables we have w̄11 = a1x̄21, w̄12 = x̄21, w̄21 = a2x̄22, and w̄22 = x̄22.

45



A.9. Derivation of the temporary equilibrium

The temporary equilibrium is pinned down by the following three equations

(nt(ω))−σ p1−σ
t Eω

t (pσ−1
t+1 ) = (nt(ω))ε (17)

pt

∫
ω

nt(ω)dω = 1 (18)

where Eq.(17) is the first order condition for the agent of index ω, and Eq.(18) is the money

market clearing condition. Solving Eq.(17) for nt(ω), one obtains

nt(ω) = p
1−σ
ε+σ

t (Eω
t (pσ−1

t+1 ))
1

ε+σ (19)

Substitute Eq.(19) into Eq.(18), one obtains

(pt)
− ε+1
ε+σ =

∫
ω

(Eω,t(p
σ−1
t+1 ))

1
ε+σ dω (20)

Define a new variable yt = p
− ε+1
ε+σ

t . Eq.(20) can be written in terms of yt as follows

yt =

∫
ω

H(Eω
t G(yt+1))dω

nt(ω) = y
σ−1
ε+1

t H(Eω
t G(yt+1))

where H(y) = y
1

ε+σ and G(y) = y
(ε+σ)(1−σ)

ε+1 .
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